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!n this project the strength and behaviour of rein-
forced concrete beams subjected to flexure, shear and 
axial tension are examinedo This combination of actions 
may be induced by lateral loading in the.external column 
of a multibay frame or in the lower columns of a coupled 
shear walls Although the flexural behaviour of such 
members is well understood little is known about their 
deformation characteristics and resistance to shearo 
Ten beams subjected to eccentric axial tension have 
been tested. The load was so applied that the axial 
force to shear force ratio remained approximately constant 
throughout each tests The major variables examined have 
been content of web reinforcement and variation in axial 
load to shear force ratios 
A theoretical method of determining the deformations 
of flexurally and diagonally cracked beams subjected to 
axial tension is developedo It is shown that allowance 
for stirrup anchorage slip must be incorporated in such 
a theory if it is to predict beam behaviour successfully. 
To enable the contribution of dowel action to be 
evaluated in the test beams concrete cantilever dowel 
test specimens have been tested, and also dowel shear 
tests on yielded reinforcement bars• are reported. In 
this way the dowel shear resistance throughout the 
loading of the test beams is examined. 
iii 
It has been found that current code recommendations 
for the shear resisted by stirrups in members subjected 
to axial tension are conservative. Diagonal cracks form 
in similar patterns to those in normal flexural members, 
and the critical separation diagonal crack forms at an 
angle of less than 45° to the axiso The presence of 
diagonal cracks reduces the stiffness of the members in 
the elastic range of loading. The members are ductile 
if adequate shear reinforcement is present& 
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CHAPTER 1 
INTRODUCTION, HISTORICAL REVIEW AND SCOPE 
OF THE PROJECT 
1o1 Introduction 
The flexural behaviour of reinforced concrete beams 
is now well understood but there is still considerable 
lack of knowledge of their mechanism of shear resist~nce. 
More than 500 papers dealing with various aspects of the 
problem have been published since the beginning of the 
century but inspite of this it has still not been 
satisfactorily solved. 
Two additional actions superimposed on flexure and 
shear in concrete beams add to the problem. These are 
the presence of axial load and torsion. Combinations of 
biaxial bending, applied shear in two planes, and the 
actions mentioned above make understanding of the 
behaviour of reinforced concrete members a very complex 
problemo Until this desirable state of knowledge is 
reached each addition to the already large fund of 
analytical and experimental research findings is of 
value. 
At present the design of reinforced concrete members 
against failure in shear or torsion is based on semi-
empirical or entirely empirical equations relating 
2 
nominal shear stress to various physical properties of 
the member. The nominal shear stress itself is a grossly 
idealised concept which bears little relationship to 
the actual shear stress across a section. There have 
been a number of attempts to make these design recom~end= 
ations more rational but so far none have been proved 
entirely successfule 
In the case of the resistance of concrete beams to 
an applied shear force, the understanding of the 
internal mechanisms of resistance has developed to the 
stage where reliable design recommendations do existo 
However, relatively little research into the effect of 
axial loads on the shear strength of flexural members 
has been doneo It is known that axial compression 
increases, and axial tension decreases shear strength, 
but it is not known to what extento 
This project was undertaken to contribute towards 
a better understanding of the effect of axial tension 
on the shear strength of reinforced concrete flexurai 
members. It is one phase of a research programme 
initiated in the Civil Engineering Department of the 
University of Canterbury to study the behaviour of 
coupled shear walls. The first of these projects 
42 
studied the coupling beams • 
Shear and eccentric axial tension can occur in the 
vertical members of a coupled shear wall or in the 
external column of a multibay frame subjected to lateral 
forces resulting from seismic or wind loading. If the 
lateral force is large, as it can be under seismic load-
ing, the axial tension can be considerably larger than 
the shear force. 
102 Historical Review 
It is not intended to give a full historical review 
of the literature published on reinforced concrete beams 
subjected to shear in this thesis0 Fenwick 18 amongst 
others has summarised the major contributions to the 
understanding of the mechanism of shear resistance from 
Ritter 45 in 1899 to Kani 27 in 1964g The development 
of the ACI Code 318-63 5 and the German Concrete Code 
DIN 1045 13 recommendations for shear design up to 
1952 have been reviewed by Hognestad 23 • In 1964 the 
American Concrete Institute published a bibliography 
3 entitled "Shear, Diagonal Tension 9 and Torsion'' e 
It includes nearly 500 references and summaries of 
papers published between 1897 and 19610 Bresler and 
MacGregor 15 have reviewed the work done on shear 
resistance up to 1967. The paper discusses some of the 
basic problems such as'dowel action and diagonal and 
flexural crack shapes. Only brief mention is made of 
aggregate interlock but its importance is not discarded. 
3 
1e2@1 Shear Strength of Beams Subjected to Axial 
Tension 
4 
Few papers have been written on the effect of 
axial tension on the shear strength of reinforced concrete 
beams® In 1955 portions of some U.Se Air Force rigid 
frame warehouses collapsed because of shear failures® 
The general nature of the distress was described by 
6 
Anderson 0 He found that the nominal shear stress 
in the warehouse members at the time of failure? as 
computed by usual design methods, was well below the 
shear capacity anticipated by then existing codese The 
distress took the form of diagonal cracks at, or near, 
points of contraflexure® Most of these cracks made ~n 
angle of greater than 45° with the longitudinal axis 
of the membere 
17 
Elstner and Hognestad carried out a laboratory 
investigation of the rigid frame failurese They 
reported tests of 13 beams, six of which were loaded 
to failure in combined flexure, shear and axial tension® 
The beams were loaded in flexure and then loaded in 
axial tension with the flexural load held constante 
Failure of four of the beams was of either the 
separation or diagonal tension type@ The failure crack 
was inclined at an angle steeper than 45° to the long-
itudinal axis, and it occurred at the point of contra= 
flexure® 
The conclusion drawn from these tests was the 
inadequacy of the web reinforcement design assumption 
5 
that the diagonal cracks formed at 45° to the longitudinal 
axis of the membere A diagonal crack steeper than 45° 
would need to be crossed by sufficient stirrups to 
provide full protection against shear failure. 
Only two other investigations into the effect of 
axial tension on the shear strength of reinforced 
concrete members have been made to the knowledge of the 
author. Mattock 35 in 1965 tested 40 beams, 14 of 
which were subjected to axial tension as well as shear. 
These beams were loaded in axial tension and while this 
load was held constant the beams were transversly 
loaded to failurea He found that the nominal shear 
stress at diagonal cracking of reinforced concrete beams 
with or without axial load of either sign can be deter-
mined by adding to the shear stress at the onset of 
flexural cracking a positive increment of shear stress 
given by 
9 
v. = iff (1.25 + s.o np) 
inc c 
(1.1) 
' where fc ~ compressive cylinder strength of the concrete 
n = the modular ratio 
and p = the percentage of longitudinal tension rein-
forcement. 
6 
The effect of the magnitude and sign of the axial lo~d is 
allowed for in the development of flexural crackso 
It has been found by Regan 44 in tests conducted 
in 1969 that the shear strength of reinforced beams 
without web reinforcement is not substantially reduced 
when axial tension is applied provided that the long-
itudinal reinforcement is sufficient to prevent a purely 
tensile failure 1 iee0, a tension crack across the whole 
section@ This research project also includes an 
evaluation of dowel action in beams both with and without 
web reinforcement0 
1e2.2 New Advances in the Understanding of Shear 
Resistance 
Since 1964 there have been several notable 
advances in the understanding of the mechanisms of shear 
resistance in reinforced members both with and without 
web reinforcement® Some of those which have been of 
particular help to the author, or which have revealed 
some new facet of the problem, will now be briefly 
discussedo 
An analytical approach has been followed by Moore 
Using strain energy principles applied to an idealised 
model of rigid bodies and flexible linkages he has 
studied the role of web reinforcement in the resistance 
of beams to combined flexure and shearo Only shear-
38 
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compres~ion failures were considered in this study, i.e., 
the criterion of failure was limiting strain conditions 
in the compression zone of the beam modelo 18 problems 
for beams without stirrups and 450 problems for beams 
with stirrups were solvedo The 450 beams were divided 
into five groups of 90 beams each. The only differe~ce 
in the beams contained in the five groups was the 
inclination of the stirrups. Many of the conclusion9 
drawn from the analytical study merely reconfirmed 
conclusions from numerous beam tests. The most notable 
result was the effect of inclination of the stirrups in 
the model. It was found that the efficiency of the 
stirrups increased slightly as the inclination of the 
stirrups was changed from 90° to 75° or 60° 0 However, 
there was a definite loss of efficiency when the angle 
was lowered to 45° and a large loss at a value of 30°. 
Fenwick 18 has documented the results of numerous 
small scale tests on dowel and aggregate interlock 
action as well as eight beam tests. He has shown that 
the concrete cantilevers formed by the blocks of 
concrete between adjacent cracks in the shear span h~ve 
a moment acting on them as a result of the change of 
tension force in the tension reinforcement. This is the 
bond force on the tension steel. The bond force moment 
acting on the concrete cantilevers is resisted in the 
following approximate proportions in beams without web 
reinforcement: 
8 
(i) 20% by the flexural resistance of the concrete 9 
(ii) 60% or more by aggregate interlock action, and, 
(iii) 20% or less by dowel action of the longitudinal 
reinforcemente 
A full account of beam action and arch action as mechanisms 
of shear resistance in reinforced concrete beams is 
givene Fenwick discusses the incompatibility of beam 
action and arch action working together to resist the 
applied shear force after diagonal tension crackinge 
Arch action is shown to develop appreciably only after 
beam action has broken downa If the shear resistance 
afforded by the arch is then less than that of beam 
action before beam action is lost, the beam fails when 
beam action breaks downa 
The effect of cutting off flexural reinforcement 
was illustrated by Baron 9 in 1966e It was found 
that critical diagonal tensile stresses develop at cut 
off points and hence shear strength decreases with 
increased proportion of cut off barso In the region 
of bar cut off it is necessary to provide additional web 
reinforcement to ensure adequate protection against 
shear failuree 
In 1967 Kani 25 published some results of beam 
tests to show that there is an absolute scale effect for 
beams failing in shear. Large beams are relatively 
weaker than smaller ones. This is attributed to the 
crack factor 6. x/s , which is the ratio of crack spacing 
C 
to effective crack lengthG 28 In a subsequent paper 
he presented the following conclusions from shear tests 
he has performed on 700 beams; 
(i) concrete strength has negligible influence, 
(ii) flexural steel percentage is of major 
importance; an increase from p = 0a5 to 2a8% 
results in 100% increase of shear strength, 
(iii) strength decreases with increased height of 
inches results in 40% loss of relative 
strength, 
(iv) the shear span to depth ratio is importante 
With a/d = 1 a strength increase of 1300% 
was obtained compared to a/d = 205. 
where a= shear span 9 
and d = effective depth of a beam. 
(v) width of beam has no influence, 
(vi) the shear strength of "T" beams is not pro-
portional to the web thickness but is some-
what more favourable. (In a T beam with the 
ratio of web to flange width of i, he found 
that the shear strength was½ of the shear 
strength of an equivalent rectangular beam of 
9 
10 
width equal to the flange width of the T beam)? 
and 
(vii) there is no direct relationship between shear 
strength and nominal shear stresso 
In 1969 a paper was published in which Kani 26 
proposed a so called rational theory for the function 
of web reinforcement0 He developed the principle of 
internal arches and contended that the function of web 
reinforcement is to provide springings for this system 
of internal arches® He tried to show that stirrups 
closer tb load\a.nd suppor:t points than a distance ct, 
provide no additional shear resistance in a beamo 
This ignores the possibility that the supports and load 
may be through secondary beams and not idealised lab-
oratory loading plateso Both Ferguson 20 and Taylor 47 
have shown that arch action cannot develop if there is 
no suitable springing for the archo This paper by Kani 
is a somewhat different approach to the traditional truss 
analogy for the action of web reinforcemento 
43 Rajagopalan and Ferguson have shown that present 
ACI Code 5 recommendations for the shear carried by the 
concrete in reinforced beams are not conservative for 
low percentages of longitudinal reinforcement, ioe0, 
p less than approximately 1%0 This finding agrees with 
conclusion (ii) of Kani aboveo 
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Dimensional analysis was used by Zsutty 51 in 1968 
to derive an equation to predict the diagonal cracking 
load of beams with shear span to depth ratios greater 
than 2.50 He found the nominal shear stress at diagonal 
cracking from the relationship; 
vdc = 59(f~pd/a)i ( 1.. 2) 
The constant, 59, is based on observations on 151 
beam tests reported in the literatureo 
MacGregor and Hanson 37 have reviewed the shear 
recommendations of the revised (1970) ACI Building Codeo 
The provisions for reinforced concrete beams without 
axial load have not been changed from the ACI 318-63 
Code 5 e However 1 the shear allowed to be carried by 
the concrete in beams subjected to significant axial 
tension is given by 
I 
v = 2(1+0G002N/A ){f 
C C 
( 1 .. 3) 
where N = the axial load 7 negative for tension 
and A = the gross area of the section. 
g 
This is now identical to the National Building Code of 
C . d 4 0 t· (62) ana a equa ion .. 
A separate historical review of work done in 
connection with dowel action is given in chapter 2 of 
this thesis., 
12 
1e3 The Nature of the Mechanism of Shear Resistance in 
Reinforced Concrete Beams 
The mechanism of shear resistance in reinforced 
concrete beams as it is understood at the present time 
18 . 26, 27 
is described by Fenwick , Kani , and Bresler 
and MacGregor 15 G It is not intended to present a full 
review of this but rather to briefly summarise the 
fundamental actions associated with the shear strength 
of beams .. 
The basic relationship between the external moment 
M, and the tension reinforcement force T, in the shear 
span of a reinforced beam is, 
M = Tz 
where z = the internal lever arm. 
Differentiating this equation with respect to x, the 
distance along the shear span from the support, gives: 
given by 
dM; V = Tdz +z.£! 
dx dx dx ( 1 .. 4) 
If z is constant in Eq0 (104) the shear is 
V = 
dT z-dx 
( 1 .. 5) 
This equation describes beam action, i.e., the shear is 
resisted by the change in the tension reinforcement force 
along the shear span® This change in force is provided 
by bond forces between the steel and the concretes 
13 
Consider the cracked reinforced concrete beam without 
web reinforcement shown in fig. 101 .. The free body in 
part (b) of the figure is the typical block of concrete 
between two adjacent cracks as shown shaded in part (a)e 
This block of concrete will be referred to as a concrete 
cantilevere The reinforcement forces T1 and T2 give 
rise to a bond force Bf = T 2 - T 1 .. This produces a 
moment in the cantilever .. The moment is resisted by 
three sets of forces: 
(i) the shears Vd, across the tension reinforcement, 
(ii) the forces vai, which are due to the inter-
locking of aggregate particles across the 
crack, and 
(iii) the flexural resistance M, of the concrete at 
the fixed end of the cantilever0 
The shear forces Vd, across the tension reinforce-
ment are the forces associated with dowel action0 For 
these shears to develop there must be displacement across 
the crack at the level of the longitudinal reinforcemente 
The aggregate interlock shears v., can also develop 
a1. 
only if there is displacement across the crack0 Aggregate 
interlock depends on the width of the crack across which 
it ~cts, and also on the aggregate properties of the 
concrete .. 
The flexural resistance of the concrete at the fixed 
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tensile strength of the concrete. It is the cracking of 
the concrete, as a result of the moment acting on this end 
of the cantilever, that is responsible for the propagation 
of the flexural cracks bounding the cantilever as diagopal 
crackse 
1e3e1~1 The Function of Web Reinforcement 
Web reinforcement in the form of either 
vertical or inclined stirrups, or bent up bars, is used 
to resist shear once diagonal cracks form in reinforced 
concrete beams® The traditional function of web rein-
forcement is to form the tension web members of a trusse 
The compression web members are formed by concrete 
struts 7 and the top and bottom chords of the truss are 
formed by the compression zone concrete and the tension 
reinforcement respectively@ Various truss mechanisms 
15 are illustrated by Bresler and MacGregor ~ As 
26 
mentioned previously in this chapter, Kani has 
extended the truss action of web reinforcement to a 
system of internal archesa 
The function of web reinforcement can also be 
considered from a somewhat different aspecte Fige 102 
shows a concrete cantilever containing a stirrup with 
a tension Tw® It can be seen that under the bond force 
moment induced by the bond force T 2 - T1 , the concrete 
cantilever and the stirrup act as a reinforced concrete 
16 
cantilevere The cantilever thus has a resultant compress= 
ion, c, imposed on it which increases its flexural 
strengtho Thus the stirrup enhances beam action by 
strengthening the concrete cantilever. Additional 
benefits of the stirrups are to keep cracks which they 
cross 7 narrow 7 thus improving aggregate interlock0 
Stirrups also increas~ the efficiency of dowel action 
by suppressing dowel cracking and supporting the dowele 
1~3.2 Arch Action 
Once diagonal cracks form in a reinforced 
beam without web reinforcement the tension steel force 
tends to equalise along the whole shear span, i.e0 7 
the bond force becomes small. Thus the shear is 
resisted by a change in internal lever arm, or in other 
wordsj inclining of the compression forcee This is 
known as arch actione If Tis constant in Eq. (1e4) 
V = Tdz (1.6) 
dx 
which quantitatively describes arch actione 
1 .. 4 Sc<?'pe of the Project 
From a review of the rigid frame failures in some 
U.S. Air Force warehouses 6 ' 17 , it was apparent that the 
presence of axial tension in a reinforced concrete beam 
subjected to shear forces could lead to'premature shear 
failure. The critical diagonal cracks in the beams were 
0 steeper than the 45 assumed in code recommendations for 
the design of web reinforcement. 
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2 According to the principal stress theory it can be 
shown that cracks in reinforced concrete beams with axial 
tension should be inclined at a steeper angle to the 
longitudinal axis than in beams with no axial tensione 
Considering the evidence from both the U.So ware-
house failures and the principal stress theory it was 
apparent that an investigation into the combined action 
of shear, flexure and axial tension in reinforced 
concrete members was essential for fuller understanding 
of the behaviour of coupled shear walls and external 
columns of multibay frames subjected to lateral loadss 
1e4e1 Beam Tests 
The major part of this research project 
consists of evaluation of the results of tests on ten 
reinforced concrete beams subjected to flexure, shear 
and axial tension® Seven of these beams contained web 
reinforcements The beams were tested with three com-
binations of axial load to shear force ratio ranging 
from 1 to 3. During the tests this ratio was kept 
sensibly constant as it is believed that this would 
achieve more realistic results than loading the beams ip 
tension, and then, with the tension constant, loading the 
beams transversly to failure. 
The beams were loaded to approximately 30% of 
ultimate load and then unloadede They were then loaded 
18 
to failure. The experimental equipment and procedure are 
described in chapter 3. 
The beam test results are discussed in chapters 4 
and Se Numerous diagrams illustrating behaviour are 
presented as it is believed that it is easier and more 
instructive to show results in the form of graphs rather 
than in tables. In these two chapters longitudinal 
reinforcement strains are reviewed, observed deflection 
characteristics are discussed 1 and crack patterns and 
crack propagation are described. Various mechanisms, 
e.g0 the position of the centre of the compression force 
in the beams, shear deflections 1 etce, are derived from 
the observations made. 
The load carrying capacities of the beams are 
considered in chapter 6. Diagonal cracking loads 9 loads 
at yield of the tension reinforcement 1 and ultimate 
capacities are included and compared with existing theory. 
A modification of one of these theories is used to account 
for large increases in ultimate flexural capacity caused 
by strain hardening of the tension reinforcement. 
In chapter 7 the shear resistance of the test 
beams is reviewed. Ultimate load carrying capacities in 
shear are considered. Stirrup behaviour in the beams with 
web reinforcement is described0 
A theory to account for the tension reinforcement 
strains and deflection characteristics of the beams after 
19 
diagonal cracking is developed in chapter 8. Convent-
ional methods of calculating beam deflections, disregard-
ing the effect of diagonal cracks, are compared with 
results from the theory developedo Shear and flexural 
deflections are derived separately. The decrease in 
stiffness of beams after flexural and diagonal cracking 
·is illustrated., 
Finally in chapter 9 conclusions are drawn from 
the beam tests and the theory developed in chapter 8., 
Because of the small field covered by the tests it is 
impossible to make any recommendations for design .. 
Consequently the lines along which future research should 
develop in the field of the combined action of shear, 
flexure and axial tension are reviewed., 
1 .. 4 .. 2 Dowel Tests 
At ultimate flexural capacity of reinforced 
beams there can be little aggregate interlock because 
the cracks are too wide .. It was observed from previous 
42 
tests that when all stirrups across a diagonal crack 
have yielded there is sometimes some reserve shear 
strength provided by another mechanism of shear resist-
ance. After study of the possible mechanisms it was 
deduced that this additional shear resistance originated 
largely from dowel action. 
Therefore, in chapter 2 tests on small scale 
concrete specimens and on reinforcement bars, to study 
dowel action, are described. These tests were designed 
to study dowel action at all stages of shear resistance 
of beams with stirrupso In chapter 7 the tests are 
correlated with the tests of the reinforced beams 





Dowel action has been recognised for some time as 
a mechanism of shear resistance in reinforced concrete 
beams. In this chapter various modes of dowel shear 
resistance will be isolated and tests to verify their 
actions will be discusseda Some comparison of the 
dowel tests with previously published test results will 
be made., 
2.,2 Definitions 
Figo 2e1 shows crack in the shear span of a rein-
forced concrete beam. Only dowel. shears are included 
in the figure although aggregate interlock forces act 
across such a crack. The dowel shear is the result of 
a relative displacement across the crack at the level 
of the dowelu The displacement is referred to as the 
"dowel displacement"o The condition of stress in the 
concrete as a result of dowel shears is indicated on 
the two faces of the vertical cracko 
The term "dowel beam" is used to identify the 
flexural member made up of the tension reinforcement 
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Fig. 2.1 Dowel Displacement at a Crack 
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Fig. 2.2 Dowel Test Beams of Baumann 12 
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2o3 Historical Review 
The first interest in dowel action of reinforcement 
bars was associated with shear transfer across pavement 
joints,, G . t 22 rin er , as early as 1931, considered the 
bearing stress under a 4 ft dowelo He approached the 
problem by considering an elastic beam on an idealised 
elastic foundatione In a paper published in 1940 
21 Friberg extended the theory proposed by Grintere He 
considered shorter dowels of various diameters and at 
various spacings. Again only bearing stresses were 
considered 1 no account being taken of the splitting of the 
concrete. Presumably this was not critical in pavement 
design because the bearing of wheel loads suppressed 
dowel cracking .. 
i' 
Further investigation of thS bearing stress at the 
34 
pavement face end of the dowel was presented by Marcus 
in 1951. He considered the cracking load caused by 
excessive bearing stresses to be the failure load of the 
dowels although they could support some increase in load 
• 
after this.· He found the iailure load to be given by 
3Dd(h ~ Dd) 
Df = 2 (1- + I) ( 2., 1) 
where Dd = dowel diameter 
h = depth of concrete under the dowel 
e = distance between the point of application of 
the load and the face of the joint 
1 = embedded or effective length of dowel 
and ft~ tensile strength of the concreteo 
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The dowel blocks in the tests were supported on idealised 
elastic subgrade, viz., timber blocks. 
Early work on dowel action in reinforced concrete 
beams was reported by Jones 24 in 19560 He found the 
dowel shear sustained before dowel cracking of beams he 
tested to be given by: 
( 2" 2) 
where b = the effective width of concrete resisting the n 
tensile stress in the concrete at the level 
the reinforcement 
j == the ratio of the internal lever arm in the 
beam to the effective depth 
d = the effective depth of the beam 
and Id = the second moment of area of the composite 
beam consisting of the dowel and concrete 
covero 
The theoretical grounds for the derivation of Eqo (2o2) 
were that the tension reinforcement with the concrete 
below it was equivalent to a beam supported on an 
elastic foundationc This support was provided by the 
concrete above the reinforcemento It will be shown 
later in this chapter that full participation of the 
dowel and concrete cover as a composite section is 
of 
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extremely unlikely because of the high bond stresses 
that would be required to transfer the shear between 
the steel and concreteo The beams tested by Jones were 
specially designed to study dowel actiono The shear 
spans were cast with an artifically formed crack crossed 
only by stirrups and the tension steel~ The compression 
zone was a special device to measure the shear transferred 
across it., 
Wat.stein and Mathey 48 tested 11 beams without web 
reinforcement. They determined the shear transferred 
across the diagonal crack which was attributed to dowel 
action onlyQ The shear forces calculated for dowel 
action are in agreement with shear forces that Fenwick 18 
found to be resisted by combined dowel action and 
aggregate interlock action. 
30 In 1963 Kinnunen used the dowel bearing stress 
equation developed by Marcus 34 to determine the dowel 
resistance to punching shear in slabse He indicated 
that the equation could be used to find the splitting 
dowel shear if h (see Eq& (2~1))was taken as the 
minimum distance from the centre of gravity of the 
dowel cross section to the concrete face. 
46 
Taylor made one of the first contributions to 
the participation of stirrups in resisting dowel shear 
in a paper published in 19630 He suggested that 
horizontal splitting is resisted by stirrups and hence 
26 
because of dowel action more stirrups resist the shear 
than cross the diagonal cracke 
To evaluate the shear carried by the dowel in rein-
forced beams Lorentsen 33 designed and tested nine 
special beams. These beams had a vertical preformed 
crack in the shear span so that the dowel action of the 
tension reinforcement only could be studied. He found 
the relationship between dowel force and dowel displace-
ment to be sensibly constant after formation of dowel 
cracks or splitso A reasonable valve of the dowel shear 
that could be carried was found to be given by: 
Df = 0.95bt/f~ 
where b = web width of the beam 
and t = total beam depth. 
( 2 0 3 ) 
This relationship assumes that the dowel diameter has 
no influence on the splitting shear0 
1 Acharya and Kemp produced evidence from consider-
ation of stresses in the compression zone of reinforced 
beams failing in shear to show that dowel action was 
considerable~ They neglected aggregate interlock and 
thus the proportion of shear they attribute to dowel 
action was too largee 
In 1966 Fenwick 18 proposed two pairs of equations 
for dowel shear in beams without web reinforcemento 
when 
Df = 1..02bft 
s'> 5"875 
27 
( 2 .. 4b) and 
when 
where s' = the crack spacing at the level of the 
tension reinforcement. 
The numerical factors in this pair of equations are 
only valid when the dowel is cast near the bottom of the 
mould so that water gain has minimum influence on the 
concrete surrounding the dowel. Where water gain 
seriously effects the properties of the surrounding 
concrete the numerical constants in Eqs. (2.4a) and 
(2.4b) were found to change to: 





Df = 0 .. 72bft 
s':> 7,.0 
( 2 .. Sb) 
The relationships were derived from observations on 
numerous small scale specimens. Concrete strength, 
position of casting and dowel length were varied. As 
can be seen from the difference in the factors in the 
two pairs of equations? the influence of water gain on 
the dowel shear resistance is considerable. 
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Krefeld and Thurston proposed the following 
empirical equation to fit the results of their test 
beams, designed to study dowel action only. 
28 
D = b · r.f 9 11 3 ( 1 180 E) d 1 .1 
f 'ljj C 1 0 + V f ~ CO + ✓J ( 2" 6) 
where c = the depth of the concrete cover measured from 
0 
the underside of the bottom reinforcement 
and x ~ the distance from the support point of the 
beam to the crack being considered0 
The most comprehensive study of dowel action in 
reinforced concrete beams to date was reported by 
12 Baumann in 1968. His main aim was to establish a 
dowel force dowel displacement relationship both before 
and after dowel cracking in beams with and without 
stirrups. Numerous beams were tested in the study. They 
were similar to those investigated by Krefeld and 
Thurston 31 • A sketch of the type of test beam used is 
shown in fig. 2020 The general dowel shear dowel 
displacement relationship observed in the tests is 
reproduced in fig0 2.3. It consists essentially of three 
separate relationshipso No. 1 is the curve before 
dowel cracking of beams with and without stirrups. 
After cracking the dowel shear is almost constant in 
beams without stirrups, viz., No. 2. The relationship 
after dowel cracking in beams with stirrups is 
represented by No. 3. The curve shown by the heavy 
line is the shear displacement relationship of a 
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The analysis of a beam on an elastic foundation 
was used to find the theoretical dowel cracking sheai 
of the testcbeamse Figa 2e4 shows the tensile stress 
distribution of the concrete surrounding a dowel loaded 
as indicatedo The distribution was replaced by Baumann 
with an equivalent stress block of length 1 where 
z 
1 = z 
A summary 
32 .. 9Dd 
3ff' 
C of Baumann's findings follows: 
(a) Up to and including dowel cracking loado 
( 2" 7) 
(i) The dowel cracking load can be found using the 
following relationship 
Df = 4 7b D \[f ' n d c 
( 2., 8) 
(ii) The relationship between dowel shear and dowel 




(iii) 1 can be found from experiment using the z 
relationship 
of 
1 z = b 0.,9f 
n sp 
where f = the splitting tensile strength of the sp 
concrete .. 
(iv) 1 is independent of the position of the 
z 
stirrup if y > 21 (see figo 2.2). If the 
z 
( 2" 9) 
stirrup is closer to the crack, 1 increases z 
with decreasing Ya 
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(v) For two layers of reinforcement 1 is consider-
z 
ably higher than with only one layer,a:a:ct i-s,given 
by 
1 = 1.6 + 0 .. 52J (2 .. 11) 
Z V 
where J = the transformed second moment of area of the 
V 
dowel and concrete cover below it (see fig. 
(vi) 1 is not influenced to any great extent by 
z 
cover, width of beam, net width of beam (b ), 
n . 
height of beam, and span a 1 (see fig. 2 .. 2)~ 
(b) After dowel cracking 
where 
(i) The dowel shear dowel displacement relation-
ship, where the longitudinal reinforcement is 
supported by a stirrup, !s 
2 
6. = yVd 
2 
Y :a: 0 .. 0056f-
v 
( 2 .. 12) 
and Vd is in kips .. 
(ii) After dowel cracking in a beam without stirrups 
the dowel displacement is independent of dowel 
shearo 
(iii) Propagation of a dowel crack is a consequence 
of incompatability of deformations rather than 
vertical tensile stress. 
(iv) Once a dowel crack has formed concrete quality 
and beam width have no influence on dowel 
shear displacement characteristics. 
Jv = second moment of 
area of these sections 
Fig. 2. 5 Second Moment of Area of 
the Dowel Beam 
dowel be~m concrete 
Vd flexure stress reaction 
dowel 
block at stirrup 
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(v) The concrete cover contributes to the dowel 
shear displacement relationship to only a small 
extent because of the extremely high shear 
required between the cover and reinforcement 
for full composite action. 
(vi) Two layers of reinforcement give a large 
increase in the dowel shear for a given dis-
placement after dowel cracking. 
(ttil A second stirrup has little effect on the shear 
deflection relationship. 
Baumann made some observations of a general nature 
on the results of his tests. In normal beam experiments 
the maximum width of dowel cracks before failure is of 
the order of Oo06 incheso The corresponding dowel 
displacement is therefore of the order of 0.08 inches. 
Dowel shear dowel displacement relationships are there-
fore of interest only up to 0.08 inches. Because of 
shrinkage and creep? etc., the tensile strength of the 
concrete in dowel shear resistance should be ignored 
both before and after dowel cracking. In repeated 
loading, if the dowel shear before unloading is larger 
than the dowel cracking load, a permanent set of 30% 
of the total deflection before unloading must be 
expected at all subsequent loadingso 
The most recent work on dowel action has been 
reported in preliminary form by Regan 44 in 19690 He 
has found that dowel cracking commences between 0.004 
34 
and 0.008 inches dowel deflection. In beams without 
stirrups the load after dowel cracking except where the 
beam support is closer than approximately 4 inches to 
the diagonal crack, is independent of dowel displacement 
and equals the dowel cracking load. Two layers of 
tension reinforcement increase dowel action in beams 
both with and without stirrupse For beams with a low 
percentage of tension reinforcement the presence of more 
than one stirrup has little effect. Where the reinforce-
ment percentage is larger two or even three stirrups 
can help in resisting the dowel shear because of the 
increased stiffness of the dowel. Hence the dowel action 
is markedly enhancede 
2.4 The Nature of Dowel Shear Resistance 
The loading on the dowel beam defined in section 
2.2. is the dowel shear force across a crack in the 
shear span of a reinforced beam. This load is resisted 
by flexure and shear in the dowel beam itself, tension 
stresses in the concrete between the cover and the 
main body of concrete above the tension reinforcement, 
and stirrups forces. 
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2G4e1 Prior to Dowel Cracking 
S 1 . t. t 12, 21, 2 2 j 30, 34 h evera inves iga ors ave 
assumed that the dowel beam is equivalent to a beam on an 
elastic foundation. Dowel cracking is initiated when 
the tensile stress in the concrete at the face of the 
dowel block reaches the concrete tensile strength. 
2.4.2 Afler Dowel Cracking 
There are four aspects of dowel shear 
resistance after dowel cracking has developedo 
204e2e1 Flexural Resistance of the Dowel Beam 
Fig0 2e6(a) shows a dowel beam at the 
end of a concrete cantilever. Because a dowel crack has 
already formed there is no loading on .the dowel beam 
between the point of application of the dowel shear Vd, 
and th~ stirrup. Therefore the moment produced in the 
dowel beam is a maximum at the stirrup. In part (b) 
of the figure the stress and strain profiles of the 
dowel beam at the stirrup are sketched. This mode of 
dowel shear resistance is limited by the flexural 
capacity of the dowel beam under the applied moment 
Vdy. Tension in the dowel from flexure of the beam 
would reduce the dowel beam flexural capacity. 
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2 .. 4 .. 202 Resistance Pr()vided by the Stirrl-1~ 
The forces shown acting on the dowel beam 
in figo 2.6 (c) include the stirrup force. This is 
dependent on the dowel displacement .. If the dowel beam 
flexural capacity is large enough the stirrup may reach 
yield before the dowel beam reaches flexural yield. Thus 
the stirrup capacity may govern the dowel shear 
resistance. 
If the concrete cantilever contains two or more 
stirrups and the one nearest the tension face of the 
cantilever yields, the second stirrup and other stirrups 
may then support additional shear on the dowelQ 
In fig. 2.6(c) the force in the stirrup is equal 
to the concrete reaction. The dowel shears at both 
faces of the concrete cantilever may not be equal but 
for the purposes of this analysis they are assumed to be 
equal. It is believed that in a reinforced beam the 
dowel shears vary only gradually along the shear spana 
If the stirrup force is known then the distance x can be 
calculated and thus the maximum bearing stress under 
the top of the dowel can be found by assuming an 
12 equivalent rectangular stress block as shown in fig. 
The flexural resistance of the dowel beam 
decreases to zero when the tension reinforcement in the 
beam yields in the concrete cantilever under the action 
of an external moment. At this stage the dowel can 
resist shear only by the kink effect. Fig. 2.7 
illustrates how a bar can sustain shears after it has 
yielded,. The bar carries a constant load T = A f , y s y 
where A = area of the bat' 
s 
and f - yield stress. 
y 
The dowel shears act at a distance lk apart. From 
statics 
V d = Ty( sin a) 
As a.. is small 
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(2.13) 
which gives the dowel shear in terms of displacementG 
The small component along the reinforcement bar of the 
kink forces Dk can be taken by bond in the concrete 
surrounding the dowel. The dowel shears for the kink 
effect are provided by bearing on the concrete, and by 
stirrup forces. As with the stirrup resistance for 
dowel beam action, more than one stirrup may provide 
the dowel shear for the kink effect. 
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Fig. 2. 7 The Kink Effect 
Dowel 
fP 
Fig. 2. 8 The Dowel Test Specimen 
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2.4.204 The Pure Shear Strength of a Dowel 
If very heavy stirrups are provided in the 
shear span of a reinforced concrete beam it is possible 
that the dowel shear resistance of the longitudinal 
reinforcement may be limited by the pure shear strength 
of the barso The pure shear strength of the dowel is not 
included in this study of dowel action as the likelihood 
of a pure shear failure is small compared with that of 
a flexural failure of the dowel beam, or the capacity 
of the stirrup resistance to dowel action being exceeded0 
The interaction of pure shear and axial stresses in the 
dowel is also believed to be a second order effect in the 
dowel tests discussed in this chapter. 
2~5 Test Specimens, Apparatus and Procedure 
Two series of dowel tests were performedo One 
was to study the aspects of dowel shear resistance 
before flexural yield of the tension reinforcement, and 
the other was to study the kink effect0 
2.5.1 Dowel Tests to Study Behaviour Prior to 
Flexural Yield of the Tension Reinforcement 
2o5.1.1 The Test Specimen 
The test specimen was an idealised 
concrete cantilevero It is shown in fig. 2.8. 15 of 
these specimens were tested. The two variables were 
the dowel size and the distance y, of the stirrup from 
the tension face of the specimen (for definition of 
tension face see section 2.2). The properties of the 
dowel specimens are given in table 2.1. 
The notation for the dowel test specimens is 
pq - rs 
where p = depth of specimen in inches (equivalent to 
crack spacing in the shear span of a beam). 
q = nominal dowel size in multiples of eights 
of an inch. 
r = nominal stirrup size in multiples of eights 
of an inch. 
s = distance of stirrup from the tension face 
of the model in inches (see fig. 2.8). 
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The dowels in all the specimens were deformed bars 
and the stirrups were plain reinforcement. The stirrup 
was a closed hoop tack welded to the dowel and the bar 
at the opposite end of the specimen. 
2.5.1.2 Casting and Curing 
The dowel specimens were cast with the 
dowel in a vertical position. The tension face (see 
section 2.2 for definition) was uppermost in the mould. 
The concrete was mixed in the laboratory. Properties 
of the concrete together with the mix proportions, 
Table 2.1 Properties of Dowel Test Specimens 
' 
~ ( 1) ( 2) 
I 
C s.., 0 s.., C <lJ 
(!) QJ +> ~ 0. QJ ~ 0. 0 ~ .j..) 
E +> ~ . ;:l .j..) . ;:l .,..; . <lJ 
.,..; rl (!) i:! LI rl C s.., QJ C s.., +> C s.., 
u II) E •rl II) QJ •rl I., E -rl s.., .,..; .,..; u 
QJ 3: m ~ > 3: ~ -rl m ~ ·rl ti)~ C X 
0. 0 ·rl 0 0 +> •rl +> 0 0 ·rl 
C/l Cl Cl U Cl C/l Cl C/l 0.. u :s 
77-21 7 1.38 .1 1.os 2 1r 4 
77-22 7 1.38 .1 2.09 2 6 4 
77-23 i 1.38 .1 3.00 1 4 
77-23(ii) 7 1.44 .1. 3.00 4 8 4 
77-24 7 1.38 .1 4.00 1 if 4 
77-25 7 1.33 .1 5.00 2 6 4 
77-26 i 1.38 ¾ 6.00 1 
79-21 1i 1.25 ¾ 1.03 4 
79-22 1¼ 1.25 .1 2.05 3 4 
79-23 1t 1.25 .l. 3.00 4 4 
79-24 1i 1.25 .l. 4.01 3 4 
79-26 1i 1.25 ¾ 6.02 3 
77-00 l 1.45 - 4 
77-00( ii) 7 6 1.38 - 4 
79-00 1¾ 1.34 - 4 
(1) Distance of the centre line of the stirrup from the 
tension face of the specimen (dimension yin fig. 2.8). 
(2) Details in table 2.2. 
( 3) Deta.ils in table 3.2. 
(4) Age when tested. 
( 3) ( 3) ( 4) 
rl 
QJ 
rl C <lJ C 
QJ 0 .j..) 0 
(!) ·rl C/l ·rl 
+> +> +> C 
C/l rO o. m QJ 
C ;:l C 44 E ~ 
rl CJ) s.., CJ) 0 ·rl ti) 
(!) .,..; s.., .,..; u >, 
3: ti) .,..; ti) QJ QJ m 
0 (!) .j..) (!) CJ) 0. 'O 
Cl Cl C/l Q < C/l ~ 
B C 12 
B C 11 
B A 11 
B C 27 
B A 10 
B C 12 
B A 11 
G C 28 
G C 13 
G C 28 
G C 13 
G C 14 
B - 27 
B - 28 
G - 29 
~ 
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are presented in table 2o2o 
Table 2o2 Properties of the Concrete Used in the Dowel 
Tests 
II 
( 1) ( 2 ) ( 3) ( 4) 
Concrete f I ; ft E Age Duration 
Mix C C 10 6 ) tested moist ( psi o ) (psic) ( psi o. X (days) cured 
(days) 
1 3570 538 3,,87 10 9 
2 4000 595: - 12 5 
3 3840 sod - 13 6 
4 4450 657 3.95 29 7 
I 
(1) Mixes 1, 2 and 3 had the following properties 
water/aggregate= 0.0854 
water/cement 
Aggregate grading % 
3'/ 4" ... 3/8" 3400· 
3/8" - 3/16" 19. 9: 
· 3/16"- 7 ( B., S .. ) 6.9 
7 - 14 11 6.9 
.14 - 25 " 11,,s. 
25 ,- 52 " 11.,1 
52 ·-100 " 9 0 7·. 
' 
For mix 4 see table 3.4 
( 2) Average of three 6" X 12" cylinders 
( 3) Average of three 12" X 3" X 3 If prisms 
( 4) 50% secant modulus from one 6 II X 12" cylindero 
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2$5.103 The Test Frame 
A photograph of the test frame with a 
failed specimen in it is shown in fig0 2.9, and figo 
2010 is a schematic diagram of the frame. In figo 2010 
A is a jack bearing plate. Bis a¾ inch thread screw 
jacko Between the jack and load cell C, is a smooth 
bearing ball@ The load cell bears on the bearing plate 
D fixed to the rigid frame H. The hanger E, which is 
fixed to the jack hangs down both sides of the dowel 
specimen M, and is smoothly pinned at G to the specimen 
bearing plate Fe Kand Q provide the horizontal couple 
to resist the jacking force. The vertical reaction is 
provided by the assembly consisting of the knife edge U 1 
rollers s, the bearing plate T, and the nut Von the 
end of the dowel extension R. K has a knife edge at 
the end bearing against the dowel and is smoothly pinned 
at L which is in line with the top end of the dowel 
specimene Q is connected through a kni.fe edge 
assembly P, to a bearing plate N~ This bearing plate 
can be adjusted vertically. The assembly of N and P 
is shown in detail in fig. 2.11. 
2.5@1o4 Instrumentation 
All measurements were made with either 
8 or 2 inch demec gauges and were duplicated on both 














Fig. 2.10 Schematic View of 
the Loading Frame 
K 





Fig. 2.11 Knife Edge Detail 
8 inch gauge 
reference liM ----- 8 inch gauge lengths 
2 inch gauge no-;-"•=- 1 ~ 2 
Fig. 2 .12 Demec Gauge Lengths on Dowel Specimen 
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of the demec gauges are discussed in chapter 3. The 
gauge lengths on the specimens are shown in fig. 2~12. 
The 8 inch gauge observations were made to find the dowel 
displacement. The 2 inch gauge lengths were used to find 
the variation in stirrup strains. To measure the dowel 
displacement the demec discs were on studs welded to the 
dowele 
The results plotted in the diagrams in this chapter 
are the averages of these readings from both sides of 
the specimene 
2.5.1.5 Testing Procedure 
All the dowel specimens, except those made 
from concrete mix no. 4, (see table 2.1) were tested in 
a constant temperature environment and hence no temp-
erature corrections to the demec gauge readings were 
necessary. Corrections were made to those specimens 
cast from mix no0 4 by making observations on a 
previously tested dowel specimeno A typical example of 
the corrections measured for the eight inch dernec gauges 
is shown in fig@ 2.130 
The zero readings of all the demec gauges where 
taken until a tolerance of less than 10 and 25 micro-
strains for the 8 and 2 inch gauges respectively was 
obtained for two successive readingso 
--1.@ 
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Kink Test Experiment 
pk 
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The following sequence of steps was taken at each 
load increment of the tests. 
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(i) The load applied smoothly at the same time 
being followed on the strain bridge connected 





The load and time were recorded at peak load. 
The specimen was left for a few minutes to 
allow short term creep to take place and cracks 
to developa 
The load and time were recorded again. 
The demec gauge corrections (if any) and the 
gauges on the specimen were read. 
(vi) The load and time were recorded againo 
The loading of specimens 77-23, 77-24 and 77-26 
were an exception to this sequence. For these three 
tests the load at the start of reading the demec gauges 
was adjusted to equal the initial peak load recorded 
in step (ii). 
Table A.1 Appendix A gives the loading sequences 
for all the dowel test specimens. 
Where a dowel crack formed suddenly the load was 
noted and no further displacement of the jack was made 
until the demec gauges were read. The test on 77-24 
did not include this step and hence the maximum load 
before dowel cracking was not recorded. 
2o5G2 The Test Specimen 7Equipment and Procedure 
for Tests to Study the Kink Effect 
49 
The test specimen for the kink effect test 
was i inch diameter deformed reinforcement about 5 ft. 
in lengtho It was placed in the 250 kip universal 
testing machine as for a normal tensile test, and loaded 
in tension to yield. 
The transverse shear was provided by hanging dead 
weights on the end of a horizontal arm which had knife 
edges bearing on the reinforcement at the other end of the 
arm. The method of applying the shears is sketched in 
fig. 2014. The kinking force is Dk= 36Pk with suitable 
allowance for the self weight of the arm. The load Pk 
was a very small fraction of the yield fo~ce in the bar 
so its effect on T was neglected. 
y 
The displacement~ (see fig. 2.7) was measured by 
an inclinometer placed on the horizontal armw The arm 
was stiff compared to the dowel but there was some bowing 
as shown exaggerated by the dashed line in fig. 2.14, 
as well as the kinking observed in the dowel bar during 
the tests. Any inaccuracy in 6 as calculated from the 
inclinometer readings would tend to make the observed 
deflection larger than the true kinked deflection. 
The method of testing the dowel bars involved the 
following steps: 
(i) Yielding the bar in tensiono 
(ii) Taking the zero reading on the inclinometer. 
(iii) Placing the weights on the loading bar for 
each increment and recording the inclinometer 
reading. 
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(iv) Noting the strain in the bar away from the 
kinked lengtho This was to check that the 
dowel did not enter the strain hardening range. 
2o5.3 Points of Similarity Between the Dowel 
Test Specimens and Concre~e Cantilevers in 
Reinforced Concrete Beams 
The following points of similarity of the 
dowel test specimens with the conditions in the shear 
span of the reinforced concrete beams tested in this 
project are noted. 
(i) The depth of the specimens correspond to the 
crack spacing in a beam at the level of the 
tension reinforcement (sd in fig. 2.6). 
(ii) Concrete properties. 
(iii) Steel properties including size of stirrup and 
dowel$ 
(iv) The distance of the stirrup from the tension 
face of the dowel specimen corresponds with 
the distance of the nearest stirrup from the 
tension face of a concrete cantilever, iQea, 
the stirrup nearest a crack on the low moment 
side. 
(v) Concrete cover to the main reinforcement. 
(vi) The dowel displacement between both faces of 
the test specimens corresponds to the dowel 
displacement across a crack in a reinforced 
beam. 
2.6 The Test Results 
2.6.1 Results of Tests to Study Dowel Action 
Prior to Yield of the Tension Reinforcement 
It is convenient to divide this discussion 
into sections dealing with behaviour prior to dowel 
cracking, at cracking, and when dowel cracking is well 
developed. 
2.6.1. 1 Behaviour Prior to Dowel Cracking 
Fig. 2.15, shows the dowel shear dowel 
displacement relationships for the dowel test specimens 
without stirrups. The relationship for the specimens 
containing finch diameter dowel, and those containing 
1\ inch diameter dowel, are shown in figs. 2.16 and 
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2.17 respectively. Part (a) of each of the three figures 
gives the relationship up to and including dowel 
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tendency for the displacemebt to increase more rapidly 
when the load on the dowel approaches the dowel cracking 
shear. 
The relative deflected shape of the dowels in the 
three specimens without stirrups are shown in fig. 2.18. 
The shapes plotted in part (a) are before dowel cracking. 
Although it is not pronounced the double curvature of the 
dowels is apparent. The idealised loading on a dowel 
before dowel cracking is illustrated in fig. 2.19 (a), 
and part (b) is a sketch of the deflected shape as a 
result of that loading. 
Prior to dowel cracking the maximum tension 
observed in the stirrups was of the order of 50 micro-
strains. The stirrups which were located near the 
compression face of the specimens tended to be in 
compression. This is consistent with the flexural 
behaviour of the test specimens under the applied dowel 
shearse 
2.6.1.2 Dowel Cracking 
The dowel cracking loads are pres~nted 
in table 2.3 which summarises the critical loads on the 
dowel test specimens. All the cracking loads lie within 
the range of 697 to 986 lb., i.e., a range of 300 lb. 
Considering the possible variations in the tensile 
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(a) 
Fig. 2 .19 
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Table 2. 3 Critical Shears on Dowel Test SpecJrnerl_§_ 
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r:: CJ) Qt/) 0 O'.) 
Q) ~ " Q) ~ " Q) r:: ~ E: ~ .j..J 4--l -~ .. p lH ·~ 6 •rl UI ;:l UI rO N UI rO N UI 
·rl rl,.'< ~,Q E: ~ ,Q E: 1.-l~.o E: 1-l~.O u QJU<Orl ·rl ,ct rl •rl rO rl ·ri rO rl Q) :SrOQJ~ X QJ ~ .j..J Q) ·~ .j..J Q) ·~ 0. 0 ~ .c: rO .c: rl .c: tJ< rl .c: ry 
Ci) Q u Ci) ;e_; Ci) ::> Ci) w ::> Ci) w 
77-21 4250* 4600 3960 
77-22 3290• 2310 3240 
77-23 1868 1610 2940 
77-23(ii) 1903 1610 2640 
77-24 786-986 1292 1210 2140 
77-25 816 1192 970 1230 
77-26 940 198 810 530 ---
79--21 4200 9560 4050 --
79--22 3720* 4800 3320 --
79-23 2825 3280 2680 
79-24 923 2080 2460 1960 
79-26 743 572 1640 570 
77-00 892 293 
77-00(ii) 697 167 
79-00 865 185 
These specimens, at failure, had demec studs bearing 
against the tubing in the concrete. The max. loads 
given may thus be high. 
(1) Shear at dowel cracking if dowel cracking was sudden 
and followed by a decrease in shear, 
(2) Maximum shear during test after cracking. 
(3) Theoretical ultimate dowel shear based on the ultimate 
flexural capacity of the dowel. 
(4) Theoretical ultimate dowel shear based on the stirrup 
capacity and bearing strength of the concrete, 
(5) Ratio of the ultimate dowel shear from tests, to the 
governing dowel shear from theory given .in cols. 3 or 
4, 
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is regarded as a reasonable variation. In figs. 2.15 
to 2.17 the fall off in load at dowel cracking is shown 
by the broken linese The exact path of the dowel shear 
dQwel displacement relationship immediately after dowel 
cracking is not certain but the general trend is apparent. 
The range of dowel displacement at dowel cracking is 
from 0.0025 to .006 inches. 
Once diagonal cracking had been initiated the 
stirrup strains in the specimens became appreciable0 
Dowel cracks propagated slowly where the stirrup 
was near the tension face. There was no distinct dowel 
cracking shear. As can be seen in figs. 2. 1:6 and; 2 .a 7 
the shear deflection curves are smooth for these 
specimens except for a slight flattening of the curve 
for 77-22 (fig0 2016) in the region of the dowel 
cracking shear .. 
2 .. 6 .. 1.3 Behaviour After Dowel Cracking 
After dowel cracking has developed to a 
sufficient extent for the stirrup to become effective 
in resisting the dowel shear the loading on the dowel 
changes. The idealised load pattern is illustrated 
in fig. 2.20 (a) and the resulting deflected shape of 
the dowel is sketched in part (b) of the figure. Some 
concrete force is shown bearing on the right hand side 
of the dowel but this is likely to be small. It can be 
seen that the dowel must still be in double curvature 
60 
but the point of contrafl~xure has risen markedly 
(compare figs. 2.19 (b) and 2.20 (b) ). Figs. 2.21 and 
2.22 show the deflected shapes of the dowels in the 77-
series and 79- series dowel test specimens with stirrups, 
respectively. Because of the small number of points at 
which the deflections were measured the point of contra-
flexure cannot be seen in these diagrams .. 
In fig. 2.21 the broken lines represent the likely 
shape of the dowel near the stirrups. The large bend at 
the stirrup is a result of the concentrated stirrup load 
on the dowel beam. This was not apparent in the 79-
series specimens because of the greater flexural stiff-
ness of the dowel. 
Figs. 2.23 and 2.24 show the strain distribution 
along the stirrups of the 77- series and 79- series 
respectively. It can be seen that the dowel shear 
increases, in some cases substantially after yield of 
the stirrups. It should be noted that no strain harden-
ing of the stirrups was observed in any of the test 
specimens. 
The dowel beam shown in fig. 2.6 (c) can be used 
to illustrate how the dowel shear increases after yield 
of the stirrup. Taking moments about the centre of 
the concrete bearing force gives 
( 2 .. 14) 
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where T = f A, i.e., the yield force of the stirrupo 
y y V 
This relationship shows that the dowel shear after yield 
of the stirrups is proportional to the distance between 
the stirrup and the centre of the concrete bearing force. 
From consideration of fig. 2.6 conditions can be 
formulated for the ultimate dowel shear on the test 
specimens. 
(i) The ultimate flexural capacity of the dowel 




where Mud= the ultimate flexural capacity of the dowel 
beam0 
(ii) The point of application of the concrete 
bearing force approaches the compression face 
of the concrete cantilever. From Eq. (2G14) 
V = T (1 - y) 
du y sd 
which gives the ultimate shear if x + y = sdn 
However the dowel shear given by Eq. (2.16) can 
not be reached because the bearing stress in the 
concrete under the dowel would be infinite. The bearing 
stress based on an equivalent rectangular stress block 




where Dd = dowel diameter. 
Eliminating x from Eqs. (2.14) and (2.17) 
Column 3 of table 2.3 presents the ultimate dowel 
shear based on Eq., (2~15). It ignores the composite 
action of ±he dowel and concrete coverG In column 4 
the ultimate dowel shear based on the yield load in the 
stirrup and the bearing stress under the dowel is givene 
The ultimate bearing stress is taken as 2f'. This is 
C 
considered to be a sufficient approximation as the 
effect of large variations in fb in Eq., (2o18) on Vdu 
is small. 
In column 5 of table 2o3 the maximum dowel shear 
measured in the tests is compared to the governing 
ultimate theoretical dowel shear given by Eqs., (2.,15) 
and (2.18)@ The shear derived from the governing 
mode of failure is underlined in columns 3 and 4., 
Where the flexural capacity of the dowel beam governs 
the observed maximum dowel shear is often substantially 
larger than the theoretically predicted ultimate loade 
Composite action of the dowel and concrete cover 
accounts for this. On the other hand the agreement 
between the tests and theory is considered to be good 
67 
where the stirrup capacity and the bearing strength of 
the concrete govern the failure modea The test was not 
continued to give a displacement large enough for 
specimen 77-26 to attain its ultimate capacityo 
Figs 2025, 2.26 and 2o27 are photographs of three 
typical dowel specimens at failure. The horizontal 
cracks into the concrete cover of specimens 77-26 (figm 
2~25) and 79-23 (fige 2e26) are a result of flexure of 
the dowel beam. Many of the specimens including 79-21 7 
did not show signs of horizontal cracking in the 
concrete cover. If one half of the perimeter of the 
1¾ inch diameter dowel is effective in resisting the 
bond force for full composite action of the dowel and 
concrete cover a bond stress as high as 1600 psi. 
would be required in specimen 79-21, and a bond stress 
of 800 psi would be required in 79-24. Stresses of a 
similar order would be required in the 77- series 
specimens. It is therefore improbable that full 
composite action would exist near ultimate dowel 
capacity0 
Figse 2e28 and 2.29 show the maximum stirrup 
strain dowel displacement relationship after dowel 
cracking for the 77- series and 79- series tests 
respectively. The maximum strain was always 
observed at demec gauge no. 6 on the stirrup (see fig. 
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substantially linear. Figs. 2~30 and 2.31 are plots 
of maximum stirrup strain versus dowel shear for the two 
series of tests. Before dowel cracking the stirrup 
strains are small and somewhat randomo After cracking 
the strain-shear relationships are linear up to yield 
of the stirrups but after this as expected the strain 
tends to increase quickly for only small increases in 
dowel shear. 
2.602 Results of the Kink Effect Tests 
Three tests were performed to study the 
dowel shear dowel displacement relationship oft inch 
diameter deformed reinforcement bars after yieldo The 
results are plotted in fig. 2.32. The theoretical 
relationship given by Eq. (2.13) is shown as the dashed 
line. Also shown is a line representing three times 
the dowel shear for equal displacementa It can be seen 
that this second relationship fits the observed dowel 
shear dowel displacement curves found from the tests 
very well. 
It was observed during the tests that the strain 
in the dowel was within a few hundred microstrains of 
strain hardening@ It is believed that strain hardening 
partly contributed to the difference between experiment 
and theory. It can be shown that under a kinking shear 
of 4 kips the difference in strain required on the 
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inside and outside of the curved section of bar to 
produce sufficient curvature for the observed rotations, 
is of the order of 4%. The flexural ·moment in the bar 
associated with the additional stress resulting from 
strain hardening may then be as high as 1 kip.inch 
which is sufficient to support approximately half of the 
dowel shears by flexure of the bare No adequate 
explanation for the rest of the difference between exper-
iment and theory has been found. 
The results obtained illustrate that dowel action 
after yielding of the tension reinforcement in a beam 
does exist. Assuming the relationship: 
A 
Vd = 3Ty lk 
the dowel sbear dowel displacement relationship for 
varying values of lk have been plotted in fig. 2Q33 
for four 1¾ inch reinforcement barse 
(2.19) 
If the capacity of one stirrup is exceeded in the 
kinking of bars in a reinforced concrete beam additional 
resistance over a longer kinked length lk, is afforded 
by each successive stirrup away from the tension face 
of the concrete cantilever0 Thus more than one stirrup 
is capable of supplying support to the reinforcement so 
kinking may develop. It is apparent from fig. 2.33 
that the additional support of stirrups further from the 
tension f~ce of the concrete cantilever decreases 
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rapidly as the kinked length of bar increases. Thus 
large dowel displacements would be required for signific-
ant increases in dowel shear once the first stirrup has 
yielded. 
2.7 The Dowel Tests as Related to Dowel Action in the 
Shear Resistance of Reinforced Concrete Beams 
If the displacement across a crack in a concrete 
beam is known the dowel shear across the crack can be 
found from dowel shear dowel displacement relationships 
for the particular parameters involved0 In this study 
it has been attempted to reproduce in the dowel test 
specimens some of these parameters as related to the 
test beams which will be discussed in subsequent chapters. 
The major parameters are size and position of stirrups, 
crack spacing, size and arrangement of the dowels. 
Unfortunately it was impossible to cover variations 
in all these parameters adequately. It is considered 
that the knowledge gained from the limited tests that 
were carried out has helped in the evaluation of dowel 
action in the beams. 
2.7.1 Stirrup Strains 
The stirrup strain dowel shear relationships 
shown in figs. 2030 and 2.31 cannot be directly related 
to dowel action in reinforced concrete beams. The 
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strains plotted in these figures are entirely due to 
dowel shear resistance. On the other hand the stirrup 
strains observed in reinforced beams are a result of 
truss action as well as dowel actione The contribution 
of these mechanisms to the load on a stirrup is 
difficult to separate and no attempt has been made to 
do so in this project® 
2e7a2 Effect of Axial Stress in the Dowel 
It has already been- noted that tension in 
the dowel resulting from flexure of a reinforced beam 
reduces the flexural capacity of the dowel beam. At 
yj.eld of the tension steel the flexural strength of the 
dowel is reduced to zeroe The composite action of the 
dowel and cover is likely to have so severely deteriorat-
ed that it can be ignored once a beam has entered the post 
elastic range. 
The kink effect can develop in a beam at any stage 
of loading. Before yield of the tension reinforcement 
it is only a secondary effect because the displacements 
across cracks are small. Hence the dowel shears from 
kinking would be small because of small displacements 
and also low tension force in the reinforcement. After 
yield of the tension steel the dowel displacements 
become larger especially when stirrups have also 
yielded. As is shown in fig. 2e33 dowel shears of 10 
or more kips could be easily sustained by four 1¾ inch 
diameter bars provided the stirrups are capable of 
supporting the dowel beam. 
2a7.3 Effect of Crack Spacing and Stirrue 
Position 
A variable not included in the dowel 
specimens tested was the depth sd. In a reinforced 
concrete beam this depth corresponds to the crack 
spacing at the level of the tension reinforcement@ 
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The main influence of crack spacing is on the 
stirrup resistance to dowel shearo From Eqo (2.18) it 
is apparent that the ultimate dowel shear that can be 
sustained by one stirrup on the low moment side of a 
major flexural or diagonal crack increases with increas-
ing crack spacing. 
The stirrup position in relation to a crack in a 
beam also has considerable influence on the ultimate 
dowel capacity if stirrup resistance governse The 
distance between the tension face of the concrete 
cantilever and the nearest stirrup in the cantilever 
is critical, viz., dimension yin fig0 2060 From Eq0 
(2o18) it can be seen that as y decreases the dowel 
shear sustained by stirrup action increases. 
Similarly when dowel shear is resisted by the 
kink effect it is apparent from fig. 2.33 that for 
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equal dowel displacement the dowel resistance increases 
with decreasing kinked length. The kinked length is 
equivalent toy in fig. 2.6. 
It can therefore be concluded that the closer the 
stirrup spacing in a reinforced beam the more efficient 
dowel shear resistance becomes. 
2.7.4 Concrete Strength and Reinforcement Properties 
Concrete properties only substantially 
influence dowel shear resistance up to dowel cracking. 
18 
It has been assumed by Fenwick that dowel cracking 
shear is directly proportional to the surrounding 
concrete tensile strength. In the dowel test specimens 
the concrete strength was similar or slightly lower than 
that of the test beams. 
Both the tension reinforcement in the test beams 
and the stirrups had similar properties to the corres-
ponding steel used in the dowel test specimens. On the 
other hand two layers of tension reinforcement were 
used in the test beams. From observations made by 
Baumann 12 the shear resistance of two layers of 
tension steel is approximately twice that of a 
single layer as in the dowel test specimens. Also 
the test beams:were'8 inches wide and there were two 
bars in each layer of steel. To obtain similarity 
of composite action between the dowel and concrete 
cover the dowel specimens contained one bar and were 
4 inches wide& The cover to the reinforcement was 
similar in each case. 
2.8 Comparison of Test Results With Previous Work 
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Only Baumann 12 and Regan 44 have quantitatively 
studied dowel action in reinforced concrete beams with 
stirrups, but the latter's report .i:a of La, p.riel_:j_minary 
nature. Several proposals have been made for predicting 
the dowel cracking load but only Baumann has fully 
considered post dowel cracking behaviour. 
2.8.1 Dowel Cracking Shear 
Table 2.4 gives a comparison of the 
theoretical and experimental dowel cracking shears of 
two test specimensa The properties of the specimens 7 
and the observed dowel cracking loads are determined 
from the average of the test specimens that cracked 
suddenly in each of the two series of tests. In order 
that the test specimens can be related to the equations 
proposed by the various investigators the following 
assumptions have been made: 
(i) The effective depth of the corresponding 
beam is 16.16 inches. 
(ii) j = 7/8. 
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Table 2.4 Comparison of Dowel Crdcking Shear 
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(1) Properties of the specimen, and the dowel cracking 
shear, are the average of specimens 77-25, 77-26, 
77-00 and 77-00(ii). 
(2) Properties and dowel cracking shear are the average 
of specimens 79~24, 79-26 and 79-00. 
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The equations predicting the dowel cracking 
24 33 
shear proposed by Jones , Lorentsen and Krefeld 
· 31 and Thurston depend to a varying extent on the 
effective depth of the beam. For the dowel tests 
discussed in this chapter there was no corresponding 
effective beam depth. The influence of beam depth on 
the dowel cracking load of the test specimens is 
considered negligiblee The dowel cracking shears 
predicted by Lorentsen 33 and Krefeld and Thurston 31 
consequently do not give a valid comparison with those 
observed, and have therefore not been included in the 
tablea 24 The cracking shears from Jones have been 
included because the influence of dis not as large as 
in Eqs. (2.3) and (2e6). They are of the same order as 
th f . k 18 d 12 ose o. Fenwic an. Baumann e 
The best agreement between theory and experiment 
is provided by Kinnunen 30 who interpreted Eq~ (2e1) 
h . h 34 . w ic was proposed by Marcus for dowel bearing 
capacities across pavement joints, to include dowel 
action for punching shear in slabsQ 
The low observed dowel cracking shear in the 
test specimens is discussed in section 2e8.3e 
2o8.2 Dowel Shear Resistance in Beams Without 
Stirrups After Dowel Cracking 
In beams where the dowel is not supported 
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33 12 44 by stirrups Lorentsen , Baumann and Regan have 
found that after dowel cracking the dowel shear is 
independent of the dowel displacement. In the dowel 
tests in this project the relationships was not 
observed. The reason is that these tests considered 
concrete cantilevers whereas those of all three 
investigators mentioned above considered the last crack 
in the shear span of a beam. Fenwick 18 also found a 
marked drop in load once dowel cracking was initiated 
in his dowel tests of the concrete cantilever type. 
On the other hand he observed only approximately 10% 
drop in dowel shear after dowel cracking in tests on 
long dowel specimens which represented the last crack 
in the shear span of a beam. 
2 .. 8. 3 Comparison of the Test Results With , jj , 
12 
Baumann's Proposals 
The length of the equivalent stress block 
1 , for the dowel test specimens before dowel crack-
z 
ing has been calculated from Eq. (2.7). The ranges 
of values for the 77- series and 79- series tests 
are 1.92-2.06 inches and 2.42-2.54 inches respectivelye 
The corresponding values of 1 from the relationship 
z 
l z 
which was proposed by Baumann to fit his experimental 
results, are 1.95 inches and 2o46 inches respectively. 
If 1 is calculated from Eq. (2.10), taking the 
z 
splitting tensile strength as the modulus of rupture, 
values of 1 for the test specimens of only Oo50 inches 
z 
and 0.61 inches are obtainedo The approximation that 
f = f is known to be incorrect but a suitable 
sp t 
relationship has not been found to the knowledge of the 
author, between the two methods of determining the 
tensile strength of concrete. However the conclusion 
that the dowel cracking shear of the test specimens 
84 
is low in comparison with those predicted by Baumann 
still remains. The phenomena is partly explained by 
consideration of the steel tubing around the demec stud 
at the tension face of the dowel specimens@ This tube 
was at the top surface of the concrete when cast. Water 
gain combined with stress concentration around the tubing 
both contributed to produce conditions for premature 
cracking in the test specimens. It is believed that 
shrinkage along the stirrup also contributed to premat-
ure dowel crackinga 
Figs. 2.26 and 2.27 show cracks which formed at 
very low dowel shears. The crack propagation in both 
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these specimens is retarded by the stirrup0 It can be 
seen in fig. 2.17(a) that the dowel beam in specimen 
79-23 was initially less stiff than in all the other 
specimens of the 79- series. The crack propagation is 
retarded more by the lower stirrup in 79~21 and 
consequently the dowel beam is as stiff as the specimens 
that have not cracked. Those that cracked suddenly 
all had stirrups towards the top of the specimen and 
consequently shrinkage along the stirrup had little 
influence~ The effect in the 79- series tests was 
also observed in the 77- series tests (see fig3 2o16(a) )3 
The relationship given by Eq. (2.9) is plotted 
in figs. 2.15, 2016 and 2.17 parts (a). The two dowel 
cracking shears used are (i) given by Eq. (2.8) and 
(ii) are the observed average values. 
From the figures it can be seen that the dowel 
deflection in the test specimens is larger than those 
obtained from Eqo (2e9) using the dowel cracking shear 
given by Eq. (2.8). On the other hand if the 
observed cracking shear is used in Eqa (2.9) the maj~ 
ority of the observed dowel displacements are smaller 
than given by the equation. The important conclusion 
is that the displacements are of the same order as 
those observed by Baumann. Discrepancies must be 
expected because of the different type of tests. 
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After dowel cracking was well developed the 
relationships between dowel shear and dowel displacement 
given by Eq. (2.12) have been plotted as the broken 
lines in figs& 2.16 and 2.17. The agreement between 
observation and the relationship proposed by Baumann 
is good. Except for the specimens where y ~ 6 inches 
the theoretical displacements are g:real:er than the 
corresponding experimental displacements~ From this 
it can be concluded that the recommended value of J 
V 
is conservative. Hence the composite action of the 
concrete and dowel is of greater benefit than implied 
by Baumann., 
Wtiece the observed dowel shears become independent. 
of displacement in figs. 2.16 and 2.17 the stirrup 
in the specimens have yielded and the dowel is virtually 
hinging around a point close to the compression face of 
the specimen. This is particularly obvious in specimens 
77-21 and 79-21 .. 
2 .. 9 Conclusions 
Prior to dowel cracking the presence of stirrups 
in the concrete cantilevers of a reinforced concrete 
beam has little effect on the dowel shear resisted by 
the longitudinal reinforcement. The dowel shear dowel 
displacement relationship is Eappr'ox4Jtla1t-ely 11.i.near" 
Dowel cracking occurs when the tensile strength 
of the concrete at the face of the cantilever is 
exceededo Dowel displacements at cracking are of the 
order of 0.003 to 0.006 inches. 
Once dowel cracks develop the important factors 
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in the shear resistance of the dowel are the size and 
position of stirrups, and the flexural capacity of the 
dowel and concrete cover working as a composite sectione 
It has been shown that some composite action does exist 
but full composite action is unlikely, because of high 
bond stresses involved between the cover and dowel@ 
Dowel action before flexural yield of the long-
itudinal reinforcement in a reinforced beam is limited 
by two modes of resistance. 
(i) The flexural capacity of the dowel beam. 
(ii) The capacity of the stirrup or stirrups 
supporting the dowel beam, and the bearing 
strength of the concrete under the dowel0 
More than one stirrup can be effective in supporting the 
dowel beam but the efficiency of the other stirrups 
reduces quickly with increased stirrup spacingQ The 
flexural capacity of the dowel beam is reduced as a 
result of axial tension in the dowel owing to 
flexure of the concrete beame ~-
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After yield of the reinforcement owing to flexure 
of the reinforced beam the kink effect of the bars 
resists dowel shear. This is proportional to the dowel 
displa~ement and the change of slope of the dowel as a 
result of kinking. The kink effect is limited by the 
support given by the stirrups on the low moment side 
of the crack across which the bar is kinked. Two or 
more stirrups can support the bar but their efficiency 
is reduced rapidly with increasing kinked length. 
Dowel action is an effective means of shear 
resistance in reinforced concrete beams with stirrups~ 
The ultimate dowel shear before yield of the tension 
reinforcement in a reinforced beam can conveniently 
be calculated from the flexural capacity of the dowel 
beam or the capacity of the stirrups supporting the 
dowel. Concrete properties have little influence on 
dowel action after dowel cracking. 
CHAPTER 3 
BEAM TEST APPARATUS, SPECIMENS AND PROCEDURE 
3e1 Beam Identification 
The general notation for the test beams is 
Nx - Syz 
where N = a constant symbol used to refer to the beam 
loading 
x = the nominal axial load to shear force ratio 
S = a constant symbol used to refer to the web 
reinforcement in the beam 
y = the stirrup spacing in inches 
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z = the stirrup diameter in multiples of eights of 
an inch., 
In one beam y = 12 but in all other beams with web rein-
forcement y and z are single digits@ A zero:following the 
S indicates no web reinforcemente 
During testing the beam sides were referred to as 
side 1 facing West and side 2 facing East..,. 
3¢2 The Test Beam 
The dimensions of the test beams are shown in fig~ 
3o1 Details of the beim test lengths are given in table 
3.1 .. 
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Table 3.1 Beam Test Section Properties 
Tension Compression Web 
Beam t b 
(~) 
d' Reinforcement Reinforcement Reinforcement 
(in) (in) (in) A; ' Pv=Ay/bs As p p Av s 
(" 2, 1.n J % (in2 ) % (in2) (in) % 
N1-SO 18.00 a.oo 15.09 - 3-956 3.28 - - - - -
N2-SO 18.00 8.00 15.13 - 3-956 3.26 - - - - -
N3-SO 17.97 8.00 15.03 - 3-956 3.29 - - - - -
N1-S62 17.97 8.00 14.97 1.50 3.955 3.30 1.978 1.65 0.0990 6.00 0.206 
N1-S32 18.00 8.00 15.02 1.50 3.828 3.18 1.914 1.59 0.0990 3.00 0.412 
N1-S63 18.00 8.00 15.00 1.50 3.828 3.19 1.914 1.60 0.226 6.00 0.471 
N2-S62 18.00 8.00 15.00 1.50 3.956 3.30 1.494 1.25 0.0990 6.00 0.206 
N2-S32 17.97 8.00 15.06 1.•4-7 3.828 3.18 1,914 1.59 0.0990 3.00 0.412 
N2-S63 18.00 8.00 15.06 1 •. 56 3,956 3.28 1,978 1.64 0.226 6.00 0.471 
N3-S12,4 18.00 7.97 15.06 1 •. 59 3,828 3.19 1 .. 914 1.59 0.3775 12.00 0.395 
Table 3,2 Reinforcement Properties* 
Designation Nominal Surface Area Yield Stress Ultimate Stress Youngs !l~dul us Strain at e sh/ 
Diameter (in) As (in2 ) fyClb/in2) fu (lb/in2) Es(lb/in x106) harien~g e: e sh in in) 
A ¾" plain 0,0491 58200 78300 30.5 .0375 19.7 
B i" deformed 0.587 46900 68200 30.0 .0291 18,7 
C ¾" plain 0.0495 49900 68500 30.2 .0425 25.8 
D ¾" plain 0.113 46400 70300 29.5 - -
F 1" deformed 0.7L•7 44200 70400 30.5 .0235 16.2 
G 1¾" deformed 0.989 44500 66900 30.3 .0245 16.7 
H ¾" deformed 0.1874 45900 68200 30.0 .0350 22.9 
I 1¾" deformed 0.957 44500 71900 31.1 .0190 13.3 
J ¾" deformed 0.1888 45800 67700 31.3 .0290 19.9 
* All properties listed are the average of 3 tests except for types A and B, which are the results of tests on 




3.2.1 Reinforcement Steel 
Each batch of reinforcement had tensile tests 
performed on randomly selected samples before it was used 
in the test beamso The properties of the steel from each 
batch are presented in fig. 3e2 and table 3o2 • A Baty 
type extensiometer was used to find the stress-strain 
relationships for the reinforcernento 
The reinforcement batches used in the test beam 
cages are summarised in table 3.3. It should be noted 
that the beams without web reinforcement contained no 
compression steel. Before assembly of the cages¾ inch 
diameter bright steel studs where welded to the reinforce-
ment upon which demec strain gauge measurements were to 
be made. 
The cages were made up as one unit. Fig. 3e3 shows 
a cage in the beam mould ready for casting. The four 
tension bars were welded to a 10 x 4 x ¾ inch steel plate 
at both ends as can be seen in the figure. This was to 
enable the cage to be assembled more easily and to prevent 
slip during testing. All the stirrups were tied with wire 
to each longitudinal bar. 
3.2.1.1 Preparation of the Studs for Demec Gauge 
Measurements 
To ensure that the strains measured on the 
reinforcement were not influenced by the surrounding 
60>-----~----~---~ 
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Fig. 3.2 Stress - Strain Relationships of the Reinforcement 




Table 3.3 Reinforcement in the Test Beams 





N1-S62 G G 
N1-S32 I I 
N'.1-S63 I I 
N2-S62 G F 
N2-S32 I I 
N2-S63 G G 
N3-S12,4 I I 
For designations see table 3.2 



























concrete it was necessary to ensure that the steel studs 
welded to the reinforcement were not in contact with the 
surrounding concrete. Therefore, before the beams were 
cast, plastic tubing was placed around the studs and then 
steel tubing around botho Bituminous putty was used to 
keep the bottom of the steel tube sealed and then the 
tube was filled with a low melting point wax. After the 
concrete was set the wax and plastic tubing were cleaned 
from inside the steel tubing thus leaving a space between 
the steel stud and the tubing set in the concreteo 
3o2o2 The Beam Mould 
The beams were cast on their sides. The mould 
had a core board base with steel sides and timber endso 
The centre section of the base was built up 1 inch with 
core board finished with perspex. As can be seen in fige 
3e3 the left hand side of both end sections of the mould 
were cleated plateso These plates were integral parts of 
the beam and were used to transfer the axial load from the 
loading frame to the end blocks of the beam. 
3o2.3 Concrete 
The concrete used in the beams was supplied 
by ''Certified Concrete (Christchurch) Ltd"o The mix 
properties are presented in table 3.4. For each test 
beam controls consisting of four 6 x 12 inch cylinders, 
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three 6 inch cubes, and three 12 x 3 x 3 inch prisms were 
cast and vibrated with an internal vibrator. Table 3o5 
gives the properties of the concrete for each beam. The 
controls were tested on or within three days after the 
completion date of the beam tests. The standard 
deviation of all the cylinder, cube and prism tests for 
the ten beams are listed below: 
Cylinder strength 
Cube strength 
Modulus of rupture 
30204 Casting, Curing and Strippi1:19. 
The concrete was placed in the mould immediate-
ly after delivery. It was vibrated with an internal 
vibrator and screeded. When the surface was sufficiently 
dry it was finished with a steel trowel, then the 
controls and beam were covered with wet scrim and a 
polythene sheet and moist cured for seven dayse After 
curing the beam and controls were stripped and kept in the 
laboratory until testedo 
303 The Test Frame 
A diagram of the test frame and beam assembly is 
shown in figo 304, and a photograph of the frame with a 
beam ready for testing is reproduced in fig. 3.So The 
test frame was made of structural steel with welded 
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Table 3 .. 4 Concrete Mix Properties 
-"''"""''"~ ---
Design 28 day strength = 4000 psio 
$,lump = 2-1 inches. 
Aggregate 
~~·" 
Max .. Grading % of Aggregate State 
¾" 34 .. 3 30% crushed 
½11 22 .. 7 30% crushed 
Kaiapoi-sand 21 .. 8 all natural 
Hornby sand 21 .. 2 50% natural 
water/cement ratio - .,643 
water/aggregate ratio = .. 084 
Additives:-
10 c.,c .. per yard of Darex AEA 
7 fL, ozs per yard of .W,,R .. D"A .. (water reducing agent) 
Air content = 4 .. 3% 
I 
--
connections where possible. The bottom loading frame was 
bolted to the laboratory strong floor although the floor 
was not required to provide any reaction to the applied 
load., The two horizontal members on either side of the 
top loading frame, that can .be seen in fig., 3.5 7 were to 
provide lateral support for the beam .. 
r 
The reaction plates at the left hand end of the three 
" 
stirrups shown in fig .. 3a4 were connected to the loading 
Table 3.5 Concrete Properties 
I 
Beam Time Time .f ' C .fcu ft 
to of (1) (2) (3) 
Start test 
of 
test lb/in2 lb/in2 lb/in2 
days days 
N1-SO 41 3 4690 5610 652 
N2-SO 26 3 6005 7340 725 
N3-SO 48 5 4940 6395 809 
N1-S62 26 3 4220 5070 559 
N1-S32 33 3 4000 4450 673 
N1-S63 81 3 4925 5810 756 
N2-S62 38 3 4970 6450 691 
N2-S32 75 3 4860 5390 793 
N2-S63 40 3 4040 4645 649 
N3-S12,4 32 3 4635 5625 665 







" " 6" cubes. 
n n 12" x 3" x 3" prisms. 
" cylinders, cubes and prisms. 












5° 50% secant-modulus from one 6" x 12" cylinder. 
6. From ACI 318-63, section 1102. 







68.5 0.139 9.52 148.9 
77.5 0.121 9.35 150.3 
70.2 0.164 11.51 148.2 
65.0 0.132 8.60 146.2 
I 
63.2 0.168 10.64 144.0 
70.1 0.153 10.78 147.4 
70.5 0.139 9.80 147-5 
69-7 0.163 11.38 147-5 
63-5 0.161 10.22 146.5 



















































Fig. 3.6 Loading Details 




frames by high tensile friction grip boltse These plates 
had i inch rubber bearing surfaces in contact with the 
beame To ensure that the beam was firmly positioned in 
the test frame the reaction plates were "prestressed" 
against the beam and then the high tensile bolts were 
tightened" 
The ilngle of the test beam with the floor could be 
varied. 'I'he original intention was to have the load 
line vertical for each axial load to shear force ratio 
but it was fuund after two tests that it was too difficult 
to read the demec gauges when the beam was too far from 
vertical. For the remainder of the tests the beams were 
kept almost vertical as can be seen in fig. 3.5. 
3 o 3,.1 Transfer of~~Loi:ld From thE:,_
0
" Loading__Frame to 
the Beam 
The axial load was transferred from the loading 
frames to the beam through cleated plates cast into both 
end blocks of the beame These plates are shown as part 
of the beam in fig. 3a1 • The cleats on the outside 
surface of the plates keyed with similar cleated plates 
welded to the loading frames. It is considered that the 
axial load was transferred at a sufficient distance from 
the test length of the beams to have negligible effect on 
the stress pattern in the test length. 
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3.3o2 Method of Load Application 
The load was aprlied to the beam by a 60 ton 
capacity hydraulic jacko A 50 ton capacity load cell 
was mounted on top of the jack ramo On the top of the 
load cell and under the base of the jack 2 inch diameter 
steel balls were mounted. They fitted into smooth 
spherical cavities in plates attached to the top and 
bottom loading frameso The two balls ensured that the 
line of action of the load was known~ The load cell and 
jack assembly can be seen in fige 3e6$ The assembly was 
lined up on the centre line of the test section of the 
beams by adjustments in the connections to both the top 
and bottom loading frameso The strap around the top of 
the jack was a safety device only and it was not in 
contact with the jack during testing. 
The jack was connected to a pumping system on which 
a constant pressure could be set. In order to obtain a 
constant displacement type load a valve was included in 
the hydraulic line between the jack and the pumpe This 
type of load application is indicated in the beam load 
sequence tables B01 to Be10 (see appendix B)0 
The load on the beam was measured by the load cell 
and also, if required 1 from pressure readings on the 
hydraulic pump0 The load cell was calibrated up to a 




3e4.1 Demec Gauges 
All strains on both the concrete and the rein-
forcement were measured using demountable mechanical 
strain gauges (demec gauges). The operation of these 
39 11 gauges is described by Morice and Base • The 
locating discs required for the demec gauges were attached 
with sealing wax to. the concrete surface and to the steel 
studs on the reinforcement® 
Errors associated with demec gauge reading have been 
18 described by Fenwick 
All the demec gauge observations were made 
on both sides of the beams. 4 and 8 inch gauge lengths 
were used to measure longitudinal concrete strains over 
the 40 inch test length of the beams, and 4 inch gauge 
lengths were used on both the longitudinal reinforcement 
and over a 12 inch length of the stirrups0 
Displacements across cracks were measured by sets of 
three 2 inch demec gauge lengths. The readings were made 
along the sides of an equilateral triangle with the base 
• on one side of the crack normal to the beam axis. The 
apex of the triangle was on the other side of the crack. 
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304.1.2 Corrections to Demec Readings 
Temperature control readings were made before 
each set of demec gauge readings. These were taken on a 
standard invar bar and on a previously tested beam. It is 
believed that this procedure eliminated the possible scale 
effects involved on small temperature control specimense 
The corrections made from the standard bar observat-
ions were normally of the order of only 5 or 10 micro-
strainse 
A typical time temperature correction relationship 
is shown in fig. 3.7o Also included are the temperature 
variations in the laboratory. The general trend between 
the laboratory temperature and the temperature corrections 
is apparento The small variations in the corrections are 
within the limit of accuracy of the demec gauges and 
hence the reliability of the corrections is small. The 
2 inch gauge zero readings were taken at the start of the 
second day. Consequently the corrections are different 
from those for the 8 and 4 inch gauges@ The corrections 
as measured were applied to the demec gauge readings but 
the corrections shown by the broken lines would have been 
more realistic. 
3o4m2 Dial Gauges 
Dial gauges were used to find beam deflection 
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of the line of action of the load during a test. The 
dial gauge observations on beam N3-SO were not reliablee 
The readings on the gauges used on the other nine beams 
could be estimated to .0001 inch, one division on the 
dial being equal to .001 inch. 
The positions of the dial gauges can be seen in 
fig. 3e6. As with the demeG gauges all the dial gauges 
were duplicated on side 2 except for the gauge used to 
measure the separation of the top and bottom loading 
frames. 
3e4.2.1 Beam Deflection Observations 
The dial gauges used to find beam deflect-
ions were numbered 1 to 9 in a clockwise direction starting 
at the bottom left hand corner of fig. 3.6. The stand 
holding these nine pairs of dial gauges was bolted to the 
laboratory strong floor and was not in contact with any 
part of the loading frame. 
The beam test length was assumed to be a cantilever 
fixed 1 inch below the lowe~ reentry corner, i.e., at the 
section containing dial gauge 1 and the bottom row of 
demec points. All the deflection observations discussed 
·- - . 
in the following chapters are based on the deflection of 
this 40 inch cantilever. 
Because there was some distortion of the bottom end 
block of the beam in the test frame dial gauges 1 to 9 
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did not measure the true cantiLever deformations of the 
test length. The m~thod of finding beam deflections from 
the nine pairs of readings was based on the assumption 
that the sections at the bottom and top of the 40 inch 
beam test length remained plane at all stages of loading. 
Fige 3e8 illustrates how the true cantilever 
deflection~, of a beam was foundo The apparent 
deformation 1 as measured by the dial gauges, consists of 
a longitudinal and transverse rigid body translation and 
a rigid body rotation, as well as the true cantilever 
deflection. The following steps were taken to correct 
for the rigid body movements owing to deformation of the 
bottom end block of the beame 
(i) The transverse rigid body translation, 6t 
(ii) 
was corrected by subtracting the displacement 
~ measured by dial gauge 1 7 from the readings t 
of gauges 1 to 5$ 
To find the rigid body rotation W? it was r 
necessary to know the actual rotation of 
section AA' with respect to BB'. This was 
achieved by calculating the total elongation 
of the cantilever at various locations trans-
versly across the beam. Summing demec gauge 
measurements on the concrete along the beam 
achieved this. From a linear regression 
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was defined in relation to section BB'@ 
Section AA' was located by readings on dial 
gauges 6 to 9 as wello This "plane" section 
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was also defined using a linear regression 
analysis on these dial gauge readings .. The 
difference between the slopes of the "plane" 
sections calculated on the dial gauge readings 
and the total beam elongations represented the 
rigid body rotation W ~ This was used to correct r 
readings of dial gauges 1 to 9 for the rigid 
body rotation .. 
(iii) Dial gauges 6 to 9 were corrected for the rigid 
body longitudinal translation~ • It was found 
i 
from the difference between the two nplane" 
section (defined in (ii) above) intercepts at 
the compression face of the beam 9 i.e®, at dial 
gauge 6 .. 
30402 • 2 Location of the Line of Action of the Load 
The line of action of the load was determined 
before the beam was tested. Small variations in this 1 
which are listed in tables Be1 to B.10 9 were measured by 
the dial gauges on the right of the test section shown 
in fige 3.,6e The top and bottom gauges measured the 
movement of the top and bottom loading frames normal to 
the axis of the beam .. The middle gauge measured the 
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relative movement of the two loading framese 
305 Method of Testing 
The method of testing involved the following steps: 
(i) Taking initial zero readings for all 8 and 4 
inch demec gauges and dial gauges. 
(ii) Loading the beam in at least two increments 
to the stage when flexural cracks were well 
developed. This was at approximately 30 to 
40% of ultimate flexural capacity. 
(iii) Unloading the beam to zero load and taking a 
complete set of readings. 
(iv) Attaching the triangular sets of 2 inch 
demec gauge lengths across the cracks0 
(v) Taking zero readings of the 2 inch gauges and 
also a set of readings on all the other demec 
and dial gauges. (From comparison of readings 
in steps (iii) and (v) it could be ascertained 
if the existing gauges had been inadvertantly 
tampered with when attaching the 2 inch gauge 
lengths)0 
(vi) Loading the beam in several increaments to 
failure., 
3.5.1 Zero Readings 
The demec gauge zero readings were all taken 
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at least twice. If the two readings were not within 10, 
20 and 25 microstrains for the 8, 4 and 2 inch gauges 
respectively, then the gauge was read until this tolerance 
was obtained for at least two successive observationse 
The dial gauge zeros were also read twice. 
3.5.2 Order of Operations at Each Load Increment 
The following sequence of operations was 
observed at each load increment: 
(i) The beam was loaded and the hydraulic line 
between the pump and jack was left open for a 
given time. The load and time were recordede 
(ii) The valye in the line was closed,, 
(iii) The beam was allowed to stand for several 
minutes for irreversible elastic deformations 
to occur, and cracks to develop. 
(iv) The cracks were found using a x10 magnifier 1 and 
marked .. 
(v) If required the beam was photographed. 
(vi) All demec gauge standard bars and temperature 
corrections were read0 
(vii) The laboratory temperature, load on the beam 
and time were noted. 
(viii)\ All dial gauges were read. 
(ix) 4, 8 and 2 inch demec gauges were read in 
that order .. 
(x) All dial gauges were read again~ 
(xi) The load on the »earn and time were recorded© 
(xii) The standard bars were read. 
(xiii) The beam was loaded to the next increment$ 
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The load sequences for all the beams are presented 
in tables B01 to B.10. As noted in the tables the 
loading sequence of four of the beams did not include 
the last part of step (i) nor step (ii) .. 
3.,6 The Results 
3o6c1 Flexural Deflections 
The flexural deflections of the test beams 
were calculated from curvatures, the definition of which 
will be discussed in chapter 4. Figo 3.9 shows how 
curvatures were found from observations made on the beams. 
The demec gauge lengths used to calculate curvatures at 
each section of the test length were on both layers of 
tension reinforcement and on the compression reinforcement0 
If there was no compression steel the 4 inch gauge 
lengths on the concrete at¾ inch from the compression 
face were used. The following strains were measured in 
th~ reinforcement (or compression zone concrete) at a 
sec ti.on: 
e = strain in outer layer of tension steel ' so 
e . = strain in inner layer of tension steel 
SJ. 
B' = strain in compression steel (or concrete)o 
s 
Two curvatures 7 one from each layer of tension steel, 
can then be fou~d at~ section 
q> = 
.0 
(j) i = 
BSO - S'~ 
8 




d and d. are defined in fig. 3e9o The average value of 
0 J. 
the two curvatures was taken as the curvature q>, of the 
section, i.e .. , 
( 3 .. 1) 
From the known curvatures along the test length of 
the beam the flexural deflectidns can be calculated using 
a summation process .. The rotatlon of an infinitesmal 
element of length s , is tJ = s cp., The deflection of one e e 
face of an element from the tangent at the other face is 
given by: 
The total deflection of n elements from the tangent at 
the face of the first one is 
n n ( n ) I:,. = .Z 6 + .Z .Z s () 
n 1 r . 2 . e. r-1 r= r= J.=r 1 
( 3., 2) 
For the cantilever test length of the beams the cµrvatures 
of ten elements, each 4 inches in length is known. Hence 
the flexural deflections of the test beams are given by 
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10 10 
b. = 8 Z q> + 16 2l'J) 1 ( 11-r) 
r=1 r r=2 r-
( 3., 3) 
where q> r is the average curvature of element r .. 
3.6.2 Presentation of Test Results 
All the test results plotted in subsequent 
chapters, except for the displacements across cracks 7 
are the average of observations on both sides of the 
test beams. Two examples of the advantage of averaging 
observations follow. 
When reinforcement strains are measured localised 
effects of cracking cause variations in the strain 
distribution. Averaging strains from both sides of the 
beams enables smoother strain distributions to be plotted. 
Slight differences in deflection characteristics of 
the beams were noted from observations on either side 
of the test beams. This was caused by twisting because 
of non-uniformity of beam properties. By plotting the 
average deflection the differences in the deflections 
owing to this effect we~e ~liminated. 
When plotting the tension reinforcement strain 
distributions the average of the strains in the four 
reinforcement bars was used. Fig. 3.10 shows a typical 
average strain distribution and the individual dis-
tributions of the four bars. The large variation of 
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7 to 10 is caused by diagonal cracks intersecting the 
reinforcement at different gauge locations on either side 
of the beam0 
In both the concrete and reinforcement strain dis= 
tributions and various other plots presented in chapters 
4 to 8, each distribution is identified by the proportion 
of the Whitney ultimate flexural capacity of the particular 
beam at which it was observede These are given in tables 
B01 to B010. They are based on the load sustained by the 
beams after all the demec and dial gauges have been read, 
iGe@, after short term creep of the beams and/or the 
loading systeme 
3e7 Time Effects of Loadings 
Short term creep observations were made on the beams 
during testing® The load was recorded along with the 
time at three stages during each load increment; once 
when the maximum load was attained, again at the start 
of reading the gaugesJ and a third time after all these 
gauges were reade The load readings and times are given 
in tables B01 to Be10. 
The beams did not lose more than a few percent of 
yield load at any increment before yield of the tension 
reinforcement 1 but after this the loss was larger. 
Part of the loss of load after the valve in the hydraulic 
line was closed was a result of variations in the 
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hydraulic system. As the beam deformed after closure of 
the valve the volume of the jack reserviour increased and 
hence the pressure fell somewhat0 However, the loading 
system was very nearly of the constant displacement type 
when the valve between the pump and jack was closed0 
3.,8 Shrinkage 
Although the test beams were moist cured for seven 
days after casting they showed signs of considerable 
shrinkage® It was observed in all of the beams that 
cracks became visible at less than half of the theoretical 
cracking load based on the modulus of rupture of the 
concrete" 
The stiffnesses of three of the test beams were 
measured at very low loads" Well before the theoretical 
cracking loads were reached the stiffnesses of these 
beams were found to be less than the theoretical stiff-
ness based on an uncracked section~ The premature 
formation of cracks is believed to be a result of tensile 
stresses set up in the concrete because of shrinkage® 
In several of the beams with web reinforcement 
cracks were observed along the stirrups before any load 
had been appliedc Some of these cracks developed across 
the full depth of the beams. Similar cracks appeared 
after the first load increment® These cracks along the 
stirrups formed predominantly on the top surface of the 
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beam (side 1) as cast. Normally they did not propagate 
or widen after the first or second load increment$ It is 
believed that they did not effect the crack propagation 
characteristics of the beams at higher loadse The cracks 
along the stirrups were marked and they can be seen in 
the photographs of the beams shown in chapters 4 and 50 




BEAMS WITHOUT WEB REINFORCEMENT 
4.1 Introduction 
In this chapter the behaviour of three reinforced 
concrete beams tested to failure by the author will be 
discussed~ These beams contained no web reinforcement 
in the test section, and all three were identically 
reinforced. They were loaded in such a way as to produce 
the combined action of shear, flexure and axial tension. 
The major variable in the three tests was the ratio of 
axial tension to shear forceo The axial tension in 
each of the tests was nominally one, two and three times 
the applied shear. The beam designations are N1-SO? 
N2-SO and N3-SO respectively@ 
4.2 Scope of the Tests 
The three tests were designed to find the effect 
of axial tension on the shear strength of reinforced 
concrete beams without web reinforcementD In order to 
obtain a shear failure in the beams the applied mom~nt 
was as small as possibleo To achieve this the loading 
assembly described in chapter 3 w~s as close to the 
tension face of the beam as allowed by the dimensions 
of the load cell and jack. This meant that the M/Vd 
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ratio was not constant for the three beams because of the 
necessary variation in the position of the points of zero 
momento The inadequacy of the M/Vd ratio to e~plain 
some aspects of shear behaviour in these beams, will be 
discussed in section 4.7o3G 
The concrete strength of the three beams was nqt 
intended to be varied@ However, some variation was 
unavoidable, but this should not have affected the 
basic mechanisms of behaviour of the beamso 
Strain measurements were made on the flexural 
reinforcement and the concreteo Crack widths, and 
displacements along the cracks were calculated from 
measurements made across selected cracks in each be~ma 
Total deflections were found for beams N1-SO and N2-SO, 
and flexural deflections were found for the three beams. 
From this data, and from qualitative observations of 
crack patterns and failure modes, the influence of 
axial tension on the mechanism of shear failure of the 
beams is evaluatedo 
4o3o1 §quivalent Curvature 
I 
¼ 
The usual definition of curvature as applied 
to flexure, is the rotation per unit length of one sect-
ion in a beam with respect to an adjacent sectiono Once 
a diagonal crack forms in a reinforced concrete beam, 
plane sections do not remain even approximately planeo 
Hence this definition of curvature becomes meaningless 
in the region of diagonal crackingo 
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As described in chapter 3 curvatures have been 
calculated for the beams tested in this investigationo 
These will be called equivalent curvatures because they 
are influenced by diagonal crackingo All they represent 
is the rotation of imaginary plane sectionso Figo 4.1 
is a sketch of deformations of sections at a diagonal 
cracko Lets be the distance between each section 
e 
before application of load. Let le and lt be the 
lengths of A'B' and AB respectively 7 after diagonal 
cracking 7 and let the original distance between them 
be d 1 • The equivalent rotation between the two imaginary 
sections AA' and BB' is: 
(lt - se) - (le - se) 
d1 
The equivalent curvature cp 
e 
by the sections is then given by: 
q, e = 
4.3.2 Section Rotation 
radians 
of the element enclosed 
(4o1) 
Once yielding has developed in the tension 
reinforcement of a reinforce~ cpncrete b~am, the section 
ductility can be defined as <p u/cp y where <p u is _the 
curvature of the section at ultimate load and <p is the y 
Fig. 4.1 Deformation of Sections at a 
Diagonal Crack 
compress1_00 . :zo~e 
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curvature at yieldo If a diagonal crack has crossed the 
section, the curvature of the section has no m~aning 
(see section 4o3o1)o Therefore, to enable section duct~ 
ility to be defined the rotation of a section of a beam 
crossed by a diagonal crack must be foundu 
Consider the cantilever shown in fig. 4.2. The 
elastic rotation O of the section containing the dia-
e 
gonal crack is the rotation of section BB' with respect 
to section AA' Q 
xt 
(} = s Zcp (4 .. 2) 
e e. 1 e. l= 1. 
wheres is the distance between each section ~efore load 
e 
applicationo ~ is defined in Eq. (4 .. 1). 
e 
The strain distributions when plastic deformation 
has developed are as shown in the figureo Experimental 
evidence for the short region of plastic defor~ation in 
the compression zone is given in chapter Sn It is qSsumed 
that once the ultimate load on the cantilever is attained 
the triangular block of concrete BB' C' does not deform 
furthero Using the notation of section 4 .. 3.10 the 




xt xt y 
= 1 i (1 - s ) - i (1 - s ) 
d 1 . 1 t. e . 1 c. e l= 1. l= l 
( 4., 3) 
Eqe (4.3) ignores any strains between C' and B' .. If 
these strains are included 
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xt 
= s i cp 
'=i= 1 ei 
(4.4) 
Combining Eqs. (4.2) and (4.4) to give e, /fJ gives p e 
If ~ = fl and O = e, , where the subscripts y and u e y p u 
(4.5) 
denote yield and ultimate load respectively, Eq. (4.5) 
gives the section ductility of a section containing an 
entire diagonal crack. 
4.4 Beam Ni-SO 
Various aspects of the behaviour of beam ~1-SO will 
now be discussed. The initial axial tension tq shear 
force ratio, and the M/Vd ratio, were 
I M/Vd = 2.8~ 
,,, 
The variation in the N/V ratio at each load 
increment is given in table B.1 of Appendix B. The 
125 
M/Vd ratio is based on the assumption that the point of 
zero moment in the beam is at the section where the line 
of action of the load crosses the geometric centre of the 
beam. Fig. 403 shows the line of action of the load and 
the 4 inch demec gauge row locations on beam N1-SO. 
404 • 1 Behaviour of the Tension Reinforcement 
The average strains from the four tension 
reinforcement bars are shown in fig. 4.4. Only the load 
increments from the second cycle of loading are shown in 
this figure. The results obtained at equal loading in 
the first and second load cycle were similars This was 
the case for all the beams tested. 
The dashed line in fig. 4a4 is the theoretical 
* strain profile at .. 360 Pu, ca.1cu1.ated on a cracked 
elastic section. The agreement is very geode 
4~4.2 Concrete Strains 
The maximum concrete compression ob~erved 
during the test was 900 microstrains. This was measured 
one quarter of an inch from the compression face of the 
beam, at gauge row 10 (see fige 4o3). The observatiQn 
was made at 79.7% of the experimental failure load. The 
'. 
corresponding concrete stress was 66.1% of its ultimate 
strength" 
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4e4e3 frack Development 
A photograph of the failed test section of 
beam N1-SO is shown in fige 4.Se All the observed cracks 
and the load increments at which they were formed have 
been markedo Load increments and corresponding loads 
are given in table Bo1e The failure diagonal crack is 
seen to be an extension of a flexural cracko 
Fige 4.6 gives a schematic representation of the 
displacements across the cracks in side 1 of the beam. 
The failure crack is shown by the dashed line. Maximum 
crack widths observed were of the order of 0002 inches 
with the widest crack being a0026 incheso The maximum 
displacement normal to the longitudinal axis of the 
beam was e00135 inches. These normal displacements will 
be referred to as displacements 11 along" a crack .. In 
general the relative movement along the cracks in the beam 
is greater near the top of the crack than at the level 
of the reinforcemente This will be discussed further 
The crack spacing on both sides of the test section 
was uniform, the spacing being 4 inches at the height 
of the reinforcemente This uniformity is attributed to 
the discontinuities in the concrete where the gauge 
points on the reinforcement were located (see fig~ 4e5)e 
The cracks in the beam developed slowly. There were 
* several cracks at G088 P in the first load cycle. This u 
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was well below the theoretical cracking load based on the 
modulus of rupture of the concrete. Early cracking was 
observed in all the beams tested~ The likely cause of it 
is shrinkage stresses set up during setting and curing of 
the concrete. The cracks, once formed, propagated slowly 
and inclined slightly towards the region of maximum 
momenta At no stage did the cracks give any indication 
of impending failure. 
There was no evidence of dowel cracking or aggregate 
interlock cracking during the test. Both these type• of 
cracking were defined by Fenwick 18 a In future they will 
be referred to as secondary tension cracks. In other 
tests these secondary cracks become visible only when 
flexural cracks were well developed. In this beam the 
cracks were not well enough developed for secondary 
cracking to occure With relatively short cracks the 
displacements across them are not large enough to pr9duce 
the dowel or aggregate interlock shears required to 
initiate secondary tension cracks& 
4@4 • 4 Deformation Characteristics 
The load deflection curves for beam N1-SO 
are shown in fig. 4.7. The theoretical deflection lines 
are based on the uncracked concrete section and on the 
flexural deformations of the flexurally cracked beam. 
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The transformed moment of inertia and the measured Youngjs 
modulus of the concrete were used in the calculation of 
the deflection of the uncracked beam. Shear deflections 
were also included. The deflection relationship shown 
by the dashed line is calculated from measured equivalent 
curvatures in the beame Some of these are plotted in 
fig. 4.8. The full curves in fig0 4.7 give the load 
deflection relationship found from the dial gauge read-
ingsm The basis of the deflection measurements from 
dial gauges, and the method of calculating deflections 
from equivalent curvatures, were .described in ~hapter 3. 
The deflections calculated from equivalent curv~t-
ures should be less than the total observed deflection. 
The difference in the two is the shear displacement 1 
i 
which does not produce curvature@ In fig@ 4.7 this is 
seen not to be the case. The most probable explanation 
is the unsatisfactory dial gauge stand.which wa;$ used 
during the tests of the beams without web reinforcement. 
This also accounts for the total deflection being smaller 
than the theoretical deflection 1 up to a load of 12 kipse 
4.,4.,5 Failure 
The failure of beam N1-SO occurred witho~t 
warning. The load had been applied for sever~l minutes 
when the diagonal crack started to forme It propagated 
'i 
very quickly and within a few seconds of the crack being 
M 
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1.33 
first observed the beam had faileda At the time of 
failure the cracks at load increment 10 were being traced. 
The failure crack started as an extension of the crack 
AA' (see fig<- 4,,6) o It propagated in both directions 
from A' as shown by the dashed line in the figure~ The 
whole beam separated along the crack as can be seen in 
4,5 Beam N2-SO 
For beam N2-SO the initial ratio of axial tension 
to shear force and the M/Vd ratio were 
The interpretation of the M/Vd ratio as applied to 
a beam subjected to axial load was reviewed in section 
4~4~ The position of the line of action of the load, and 
the 4 inch demec gauge rows, are shown in figo 4.3~ 
4a5u1 Behaviour of the Tension Reinforcement 
Selected longitudinal tension reinforcement 
strain profiles can be seen in fig~ 4a9o The dashed 
lines are two theoretical strain profiles calculated on 
the assumption that the beam consists of cracked elastic 
sections, The loads used to calculate these strains 
correspond to 0349 and 0604 P* • As is shown in the u 
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figure, at 0349 P* the experimentally observed strains u 
in the reinforcement are smaller than those determined 
from theoryo This is due to some tension being carried 
by the concrete when the beam is in a lightly cracked 
stateo However, at the higher load the measured strains 
are somewhat larger than the calculated oneso The high 
experimental reinforcement strains are a result of 
inclining of the crackso An example of strains in the 
four separate reinforcing bars, and the two separate 
layers~ have been shown in chapter 3. It is not intended 
to show these for every beam because the average strains 
from the four bars give an adequate representationo 
Figo 4.10 shows beam N2-SO at failure. The two 
major diagonal cracks cross the reinforcement at gauge 
rows 1 and 60 The upper crack formed at 0699 P~o 
In figo 4o9 a sharp increase in the tension reinforcement 
strain at gauge row 1 can be seen after this load. 
Similarly the eventual failure crack first formed at 
0789 P*o An increase in strains at gauge row 6 is also 
u 
apparent in figo 4o9o This becomes more pronounceq as a 
crack developeso 
The external moment at the top of a diagonal crack 
is resisted by the following forces; the tension rein-
forcement force where the diagonal crack crosses the 
tension steel, the compression force in the concrete and 
compression reinforcement above the crack, stirrup forces 
B 
I I / 
C 
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Fig. 4.11 Forces Across a Diagonal 
Crack 
Fig. 4.10 Beam N2-SO at Failure 
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if any, aggregate interlock along the crack, and dowel 
action of the tension reinforcemento These are shown 
The resultant of the v. stresses along ai 
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the crack pass close to the centroid of Cat the top of 
the cracko Therefore their contribution to the resistance 
of the moment is likely to be smallo Hence the only 
forces in beams without stirrups to resist. the moment 
at section AA' are Vd and To If the dowel shear is also 
small the tension reinforcement force at section Ba' 
must resist the moment at section AA'. This accounts for 
the increased strains in the tension reinforcement where 
it is crossed by a diagonal crack. This is quantitatively 
evaluated in chapter 80 
At .875 P* the concrete cornpr2ssion at gauge u 
row 10 was 3400 microstrains. Even at this stage the 
concrete was showing no signs of crushingo The high 
strain was quite localised as only 1250 microstrains was 
measured at gauge row 9. The concrete compression zone 
was very shallow at this load. The failure diagonal 
crack had penetrated to within about¾ inches of the 
compression face and below this the beam showed consider-
able flexural cracking. From traditional ultimate 
strength analysis of the beam the neutral axis depth would 
be 3.28 inches. 
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4$5.3 £rack Development 
4o5o3.1 Flexural Cracking 
Flexural cracking became visible at 
.087 P* • Several cracks up to 5 inches long appeared u 
although they were not expected to form until over twice 
this loado The early formation of these cracks can be 
attributed to shrinkage as was the case with beam N1-SO. 
Once the flexural cracks had formed they propagated pro-
gressively up the beam with increasing load. Again they 
formed 4 inches apart at the openings for gauge points. 
At 50% of ultimate load the maximum crack widths 
were of the order of .0035 inches. At .604 P* the 
u 
maximum crack width was .0046 inches. 
Displacements along and across cracks in side 2 of 
beam N2-SO are presented in fig. 4.12. The general 
crack pattern at a875 P* is shown. Because of dowel u 
cracking some of the measured displacements at higher 
loads became meaningless, so these have been omitted. 
It is worth noting that the displacements along the 
cracks are, in general, smaller near the tension face of 
the beam than near the centre. The exceptions to this 
are where secondary cracks have intercepted the 2 inch 
demec gauge positions. 
4o5.3.2 Diagonal Cracking 
After loading to .699 P* the beam was u 
Scale of dis placements 
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left for some minutes before further observations were 
madeo During this time the diagonal crack at the upper 
end of the beam formedo Fig. 4.13 shows the cracks in 
side 1 of beam N2-SO just before failure. The 
diagonal crack, clearly marked in this figure, was 
visible to the naked eye when it had just formed, and by 
.789 p* it was approximately 1/16 inch wide at mid-
u 
depth of the beam. Cracks in the compression face of the 
beam can be seen above the diagonal crack. The cause of 
these will be discussed in section 4.5.5. 
At .789 p• a second diagonal crack formed closer u 
to the section of maximum moment. This crack propagated 
some distance into the compression zone over the next 
few load increments, until it was right at the section 
of maximum moment (see fig. 4.13). It proved to be the 
failure crack. 
4.5.4 Dowel Action 
At .560 P* the first cracks along the u 
tension reinforcement were observed. These were not 
very prominent initially but they became more pronounced 
at 0699 P*. Dowel action and aggregate interlock are the u 
cause of the nearly longitudinal splits in the beam. 
Figo 4.13 shows well developed dowel cracks especially 
at the low moment end of the second diagonal crack. This 
diagonal crack proved to be the eventual failure crack. 
Fig. 4.13 Beam N2-S0 
I-Max .. moment 
I section 
I 
Fig. 4 .14 Centre of Compression Force ,n Beam N2-S0 
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At failure it extended into the dowel cracks along the 
reinforcement (see figo 4010). 
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Displacements along the flexural cracks near 
ultimate load were of the order of .005 to .008 inches. 
So far dowel shear transferred by multiple layers of 
reinforcement has not been the subject of a detailed 
study to the knowledge of the author. However the 
contribution of the dowel shear transferred by the four 
reinforcement bars can be estimated from the findings of 
12 Baumann • From Eqs. (2o10) and (2.11) it can be 
shown that the dowel cracking shear in this beam could 
be equal to the total shear on the beam at failure. This 
estimate of the dowel shear in the beam is obviously 
too great but it shows that the dowel shear resistance 
would have been a significant proportion of the total 
shear .. 
It can be seen in fig~ 4.13 that the dowel cracks 
at the end of the eventual separation diagonal crack 
extend about three gauge lengths (12 inches) along the 
tension reinforcernente Gauge row 4 is the most critical 
section for bending of the dowel beam (see chapter 2). 
For simplicity assume the dowel beam is made up of the 
two layers of tension reinforcement only. At .877 P* u 
the tension in the inner layer was 970 rnicrostrains at 
gauge row 4, and at .875 P* (last load increment before u 
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failure) the inner layer tension was just below yield 
at 1430 microstrainso Of the difference between the 970 
and 1430 microstrains assume 400 is due to dowel beam 
bending and the remaining 60 to increased flexure·' of 
the whole beam. This is justified because the loact 
intensities are almost equal, c.f •• 877 P* and .875 P*. u u 
Therefore the force in the inner layer of reinforcement 





2= 400x10-6 x 30.3x10 6 x 1.978 
= 24,000 lbe 
lb. 
The distance between the two layers of reinforcement 
is 2¼ inches and the assumed lever arm is 12 inches. The 
dowel shear across the diagonal crack is therefore 
Vd = 24,000 x 2.125/12 lb. 
= 4220 lb. 
Because of the additional contribution to the 
flexural capacity of the dowel beam afforded by the 
concrete cover and the concrete between the two layers 
of reinforcement, the dowel shear resistance could well 
be doubled or even more enhanced. Thus dowel action 
alone could account for one quarter or more of the total 
shear resistance at the critical diagonal crack. 
4.5.5 Arch Action 
Cracks were observed in the compression face 
of beam N2-SO after diagonal cracking was initiated. 
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These opened up during subsequent loadingo One of them 1 
in gauge row 5 (see figo 4.13), was .040 inches wide at 
Q875 P*. Some of the flexural cracks in the top half u 
of the beam closed after the first diagonal crack had 
formed. Both of these pheonomena lead to the conclusion 
that the centre ot the compression force in the beam had 
moved towards the tension face. 
If concrete tension is ignored, the centre of the 
compression force can be found from consideration of the 
forces acting at a section of the beamo The compression 
force is the difference between the measured forces in 
the tension reinforcement and the external axial load. 
From the known moments at each section the line of 
action of this force can be determinedo If the concrete 
is carrying significant tension, as it does at low load 
intensities, the analysis is erroneous as it is rather 
sensitive to the magnitude of the calculated compression 
forcee 
The lines of action of the compression force for 
various external loads on beam N2-SO are shown in fig~ 
4.14. At .604 P* the line of action is at approximately u 
constant depth in the beamo The variation in the actual 
location is influenced by the extend of cracking at the 
sectiona The marked increase of the depth of the 
compression force at the right hand end of the figure 
is attributed to the boundary conditions on the right of 
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this section. At .699 P*, after diagonal cracking, the u 
line of action is seen to drop very markedly in the right 
half of the figure. This inclination represents arch 
action. At .875 P~ the effect is even more apparent. 
Referring back to fig. 4.9 it can be seen that at and 
above .699 P* the tension reinforcement strain profiles u 
become flatter, i.e., the strains are more constant along 
the beam. 
4.5.6 Deformation Characteristics 
The load deflection relationships for beam 
N2-SO are presented in fig. 4.15. The theoretical lines 
show the deflection calculated for the uncracked beam, 
and the flexural deflection of the flexurally cracked 
beam. The total deflection of the beam is shown by the 
full line, and the deflections calculated from summing 
equivalent curvatures are shown by the dashed line. 
After .650 P* the equivalent curvatures become meaning-u 
less because of cracking of the compression face of the 
beam. targe negative curvatures w~re observed at some 
sections at higher load intensities. The beam was 
loaded to .348 P* and then unloaded. The deflections for u 
the first cycle are seen as the left hand pair of curves. 
The second cycle relationship is the right hand set. 
The first diagonal crack had formed before the 
deflection observations were made at .699 P~. The 
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just prior to this load intensity is doubtfulo The 
discontinuity is caused by the large shear displacement 
at diagonal cracking. The sharp decrease in the stiff-
ness of the beam after diagonal cracking is caused by 
the increasing shear displacement as a proportion of the 
total deflection. 
At very low load the beam stiffness is approximately 
equal to the theoretical uncracked stiffnesso Above 
about e1 P* the observed stiffness is reduced by the 
u 
formation of flexural cracks. At a load of half ultimate 
flexural capacity the deflection of the beam is almost 
twice as much as predicted from calculations based on the 
transformed concrete section. 
The beam deflection calculated from summing equiv-
alent curvatures follow the total measured deflection 
very closely. This indicates that until diagonal 
cracking the shear displacements were small. The unsatis-
factory dial gauge stand is the cause of the flexural 
deflections being larger than the total deflections at 
some loads. 
No reliable deflection observations were made at 
.875 P*. u 
The displaced shape of the top section of the test 
length of the beam is shown in fig$ 4.16. The profiles 
were measured by four dial gauges as described in 
chapter 3. Before diagonal cracking there is a destinct 
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kink in the profile at the tension face endo This kink 
is reduced once arch action is developed. The beam 
becomes longer as a whole (c.f. e604, e699 and e789 p* u 
profiles in the figure). The reading at the tension 
face at .877 P* was not obtained. 
u 
Fige 4e17 is a plot of the equivalent curvatures 
in beam N2-SO. The large negative equivalent curvature 
at gauge row 5 is a result of the wide crack in the 
compression face of the beam. Fig. 4.17 (a) shows 
equivalent curvatures up to e0002 radians/inch while 
part (b) shows those which occur outside this range at 
higher loads. 
4.5.7 Failure 
At .875 P* wide dowel cracks were forming 
u 
along the tension reinforcement for some time after this 
load had been applied. To avoid failure before the 
gauge readings were taken, the hydraulic line to the 
jack was closed 10 minutes after peak load had been 
reachede The load fell off because of plastic deform-
ation once the line was closed. After all the gauge 
readings were taken the beam was further loaded. 
However, it failed at a load 700 lbs. below the peak 
attained at loading for increment 22. At no stage did 
all the four reinforcement bars reach yield stress 
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at .831 P*. The failure was quite sudden but not u 
explosiveo Ample warning of failure was afforded by the 
obvious splitting along the reinforcement. No crushing 
of the concrete was observed at the section of maximum 
moment even though the compression zone was very shallow 
because of penetration by the second diagonal crack. 
The failed beam is shown in figo 4.10. 
4.6 Beam N3-SO 
The line of action of the load on beam N3-SO, and 
the positions of the 4 inch demec gauge rows, are shown 
in fige 4o3o The initial axial load to shear force 
ratio and M/Vd ratio were 
I N/V := 3 .. 16 I M/Vd = 4.271 
4G6.1 Behaviour of the Tension Reinforcement 
Tension reinforcement strains at various 
load intensities have been drawn in fig. 4.18. The 
dashed lines are theoretical elastic strains calculated 
at @422, .584 and .796 P~. At .422 P* the beam was u 
still only lightly cracked and consequently the calcul-
ated strains are slightly higher than those observed 
during the test. On the other hand at .796 P* the u 
experimental strains are larger than the theoretically 
150 
derived strains. At this stage of loading there was 
some inclination of flexural cracks. Even so the 
agreement between elastic theory and experiment is 
considered to be very good considering the applied load 
is over three quarters of ultimate. 
A photograph of side 2 of the beam at 0999 P* 
u 
can be seen in fig. 4.19. There was only one major 
diagonal crack at this stage. The crack crossed the 
longitudinal reinforcement at 4 inch gauge row 20 The 
strains shown in fig. 4~18 at this gauge location are 
seen to be higher than at the adjacent gauge rows. 
4.6.2 Concrete Strains 
The largest concrete compression measured at 
the last increment of loading was 27qO microstrains. 
It is estimated that at failure the strain in the 
extreme fibre at gauge row 10 would be .005 in/ine 
This estimation is from a lower bound extrapolation 
between the last two measured strains and corresponding 
loads, and the known failure load of the beam. 
All along the t~st length¾ inch from the 
compression face the concrete showed compression strains 
at all stages of loading. There was some reduction in 
these strains above the diagonal crack when it was 
formed. 
(For Fig. 4.20 see p.153) 
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Fig. 4 .19 Beam N3 -SO 
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4o6.3 Crack Development 
4.6.3.1 Flexural Cracking 
The first cracks were observed in beam 
N3-SO at .161 P*. These cracks propagated into the beam u 
inclining only very slightly towards the load point up 
until .542 p*. After 0272 P* in the first cycle of 
u u 
loading, the load on the beam was removed and the 
triangular sets of 2 inch demec gauges were fixed across 
the cracks. Fig. 4.20 shows the displacements measured 
across the cracks in side 2. As was the case with both 
the other beams discussed in this chapter the displace-
ments along the cracks are greater towards the centre 
of the beam than nearer the tension face. From the 
observations on the crack movements no prediction could 
be made about which was to be the failure crack. The 
largest displacements were measured at the diagonal 
crack which formed at 0874 P*. u 
4.6.3.2 Diagonal Crackin3 
As can be seen in fig. 4.19, the top 
diagonal crack propagated gradually from a422 to .840 
Two other cracks showed a definite tendency to incline 
towards the load point in this range of load intensities. 
At ~874 P* ·the major diagonal crack at that stage sudden~ u 
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of the beam. It then stabilised and increased in length 
only a small amount during subsequent loading. The 
concrete was in compression both above and below this 
crack from gauge row 4 to 7. 
4a6.4 Dowel Action 
Beam N3-SO did not show much tendency to 
form dowel cracks even at,high loads. A few dowel 
cracks formed at .456 P* but these did not propagate u 
far at subsequent loading. Appreciable dowel cracking 
did occur at the failure crack even before it was well 
developed. Where dowel cracks did form displacements 
along the flexural cracks were of the order of .004 
inches with a maximum of .012 inches at .999 P* (see u 
fig. 4.20). Where there was no dowel cracking maximum 
displacements along the cracks were .0015 inches. On 
the basis of the calculations for beam N2-SO in section 
4.5.4, 25% or more of the total shear could have been 
transferred across the eventual failure crack by dowel 
action. 
4.6.5 Arch Action 
The position of the centroid of the 
compression force in the beam is shown in fig. 4.21. 
The downward shift after diagonal cracking is not so 
pronounced as with beam N2-SO, but there is a depression 
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in the right hand half of the diagram. The points where 
the centroid lies outside the beam are attributed to the 
concrete at these sections carrying some tension. This 
was not allowed for in the analysis. 
Fig. 4.22 shows two typical sets of strain profiles 
of the concrete above the diagonal crack which formed 
at ~874 p*e In both cases the strain profile before 
u 
diagonal cracking and consequent arching is approximately 
linear and of the expected triangular shape. After the 
crack has formed the extreme fibre compression strains 
are reduced and the profile becomes more rectangular. 
In the more typical case, shown, of gauge row 2, the 
fibre of zero stress moves away from the compression face 
of the beam. 
4.6~6 Deformation Characteristics 
The load deflection relationship for beam 
N3-SO was not successfully measured by dial gauges. The 
only deformation characteristics available are shown in 
fig. 4.23. The deflection of the beam was calculated 
from equivalent curvatures and compared with theoretical 
deflections of the uncracked and flexurally cracked 
beam. At loads up to .15 P* the deflection based on u 
the uncracked section is a good estimate of the deflect-
ion of the beam. Once cracking has developed, at about 
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constant stiffness up to .874 P*o Beyond this the u 
stiffness decreases because of the increased equivalent 
curvatures after diagonal cracking. In the working 
range of the beam the flexural stiffness is about 
half of that based on an uncracked section. 
It is reasonable to assume that up to diagonal 
cracking the deflections calculated from equivalent 
curvatures are only slightly less than the total 
deflections. In fig. 4.15 it is shown that the shear 
deflections of beam N2-SO before the formation of a 
diagonal crack are small. 
Equivalent curvatures at selected load intensities 
are drawn in fig. 4.24. Up to diagonal cracking the 
pattern is as would be expected. Once arch action is 
developed the equivalent curvatures do not increase 
much further in the region of the diagonal crack. This 
can be seen in the right hand portion of the figure. 
The reason for this is the decreasing compression 
strains in the extreme compression fibre of the 
concrete .. 
4.,6.7 Failure 
After making observations at .999 p* u 
the beam was loaded to failure. Before failure the 
tension reinforcement yielded for some distance along the 
beam from the section of maximum moment. Signs of 
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crushing of the concrete at this section were observed@ 
Failure was violent and occurred with little warning. 
Fig. 4.25. is a photograph of the beam after failure. 
The large area of crushed concrete in the right hand cor-
ner disintergrated suddenly and the diagonal crack formed 
at the same time~ It is difficult to determine which 
was the primary cause of collapse as the beam was close 
to its flexural capacityo The dowel cracks at the end 
of the failure crack are seen to have propagated as a 
split along the reinforcement. 
4 .. 7 Comparison of Beams Without Web Reinforcement 
Some points of similarity of behaviour of the three 
beams discussed in this chapter are presented0 Detailed 
examination of the deflection Gharacteristics of the 
beams are included in chapter 8 and failure comparisons 
are discussed in chapter 6e 
4.7~1 Concrete Cantilevers 
It has already been stated in this chapter 
that the displacements along cracks in the shear span 
of the beams are greater above than at the level of the 
longitudinal reinforcemento The forces that act on a 
concrete cantilever in the shear span have been identif-
ied by Fenwick 18 • They are shown in fig. 4.26 (a)o In 
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by these forces is shown, and (c) is the distribution of 
displacements along the crack between two such cantileverse 
The point of contraflexure in the cantilever is somewhere 
above the reinforcement. At this point the displacement 
along the crack is a maximum. Below this the reverse 
curvature caused by the predominance of moment from the 
dowel shears reduces the displacement along the crack 
to a minimum at the level of the longitudinal reinforce-
mente 
4e7@2 Crack Spacing and Crack Widths 
The predominant crack spacing observed in 
the three beams was 4 inches. The reason for this 
particular spacing is discussed in section 4.4.3. 
The maximum crack widths observed in any of the 
three beams at approximate working load was .0042 
inches. The usual width was of the order of .002 -
a0035 inchesQ Working load was taken as ultimate 
flexural capacity divided by between 1.75 and 1.95. In 
both beams N2-SO and N3-SO the maximum crack width 
occurred at the section of maximum moment. The crack 
widths measured in beam N1-SO were small compared to the 
other two beams because the beam failed at .452 P*. 
u 
Arch action was observed in both beams N2-SO 
and N3-SO~ In beams with no applied axial load, 
appreciable arch action would not develop if the M/Vd 
ratio is greater than approximately 2.5 27 0 In lab-
oratory tests of reinforced beams the springing 
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required for arch action can be provided by the load or 
reaction plates. Taylor 47 and Ferguson 20 have shown 
that there is little reserve shear resistance in beams 
without web reinforcement loaded through secondary beams 
once diagonal cracks have developed. This is because 
there is no suitable springing for the arch when it 
Fig0 4027 shows the arch action as it developed in 
the beams tested in this investigationo The bands of 
diagonal compression have been idealised somewhat but the 
pattern is clearly seen. The M/Vd ratio as defined in 
section 404 does not adequately describe the slope of the 
arch as it does in a simply supported beam0 With all 
three N/V ratios it is clear that the arch in the test 
length is approximately the same slope although the M/Vd 
ratios range from 2088 to 4.27. The arch in the test 
length of the beam, as it is drawn in the figure, 
corresponds to a shear span to depth ratio of approxima-
tely 207 in a simply supported beam. So far no adequate 
explanation has been found for the absence of 
appreciable arch action in beam N1-SO, while beams 
N2-SO and N3-SO displayed increase in shear strength 
because of arch action after diagonal cracking. 
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CHAPTER 5 
BEAMS WITH WEB REINFORCEMENT 
5.1 Introduction 
The behaviour of seven beams tested to failure are 
examined in this chapter. All beams contained varying 
percentages of web reinforcement in the form of closed 
stirrups perpendicular to the longitudinal reinforcement. 
The designations of the beams, the actual range of axial 
tension to shear force ratios, and the M/Vd ratios are 
presented in table 5.1. 
Table 5o1 Relationships Between Axial Tension, Applied 
Shear, and Moment for Beams With Web 
Reinforcement. 
Beam Range of N/V during Test Initial 
M/Vd 
Maximum Minimum ( 1) 
N1-S62 0 .. 990 0 .. 980 2 .. 90 
N1-S32 1.024 0.986 2 .. 92 
N1-S63 1.015 0.970 2.88 
N2-S62 2.219 2. 100 3.40 
I' 
N2-S32 2.308 2.149 3.48 
N2-S63 2.151 2.060 3.35 
N3-S12,4 3.375 3.265 4.40 
( 1) 0 For definition see section 4.4 
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5.2 Scope of the Tests 
The beams were tested in several load increments to 
failureo They were loaded in two or three increments to 
a stage where flexural cracking was well developedo Then 
the beams were unloaded and sets of 2 inch demec gauge 
lengths were mounted across the flexural crackso After 
the beams had been allowed to cool after application of 
the gas flame they were again loaded, this time to event-
ual failureo 
Three beams, vizo, N1-S32 7 N2-S32 and N3-S12,4, 
were loaded in small increments from the initial zero to 
the stage when cracking had developedo This was to 
obtain the load deflection relationships of the 
uncracked and lightly cracked beamso For most of these 
small load increments only deflection measurements were 
takeno The three beams also had deflection observations 
made on them to find their post-elastic deformation 
characteristicso 
Load deflection relationships were found for all 
beams in the elastic range of loadingo Concrete strains 
were measured in the compression zone of the beams and 
displacements across many cracks were observedo Strains 
were measured on both the tension and compression rein-
forcement as well as on the stirrups in the test 
sections of each beamo Crack patterns were marked and 
photographedo 
5o2o1 Grouping of Beams 
In this chapter the seven beams will be 
divided into three groups for the purposes of 
discussiono Each group will comprise the beams with 
the same nominal axial load to shear force ratio. 
The properties of the beams are given in table 3o1o 
5.3 Beams N1-S62, N1-S32 and N1-S63 
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The location of the line of action of the load in 
each of the three beams, and the position of the 4 inch 
demec gauge rows are shown in fig. 5o1o 
5.3o1 Behaviour of Longitudinal Reinforcement 
5.3o1Q1 Tension Reinforcement 
Figo 5.2 gives the average strains 
in the tension reinforcement at various load intensities 
for the three beams. The full lines are the strains 
from the experimental results, and the dashed lines are 
strains calculated from a conventional elastic analysis 
of a cracked section. The analysis is given in 
Appendix Ca The loads used for the theoretical 
analysis correspond to actual loads at the various load 
intensities plottedQ 
Part (a) of the figure shows the strains in the 
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gauge row 5 should be noted0 This is where the failure 
diagonal crack crossed the reinforcement. Fig. 5.3 
is a photograph of side 1 of beam N1-S62 just prior to 
failure. The crack is clearly visible in the photo-
graph. 
Figs@ 5.4 and 5o5 show side 1 of beams N1-S32 and 
N1-S63 respectively, just before failure. Although the 
diagonal cracks in these two beams are well developed 
there are no very pronounced kinks in the tension 
reinforcement strains where these cracks cross the 
tension steel (see figs. 5o2 (b) and (c) )o The tension 
reinforcement strain distribution for all these beams 
after diagonal cracking will be discussed more fully in 
chapter 8. 
At 0170 and .340 P* on beam N1-S62 the 
u 
theoretical elastic strains are seen to show good 
agreement with the measured strains (see figo 5.2)e 
Diagonal cracking commenced before .423 P~ and hence 
the conventional theoretical analysis does not apply 
for higher load intensities. The agreement between 
theory and experiment at .353 p* and .246 P* on 
u u 
beams N1-S32 and N1-S63 respectively is also considered 
to be satisfactoryo These beams showed diagonal 
cracking before the higher load intensities plotted in 





5.30102 Compression Reinforcement 
Compression reinforcement strain profiles 
for the three beams are shown in fig. 5.6. The 
compression steel is seen to be lowly stressed except 
at high loads at the section of maximum moment. Even 
then it yielded only over the last gauge length. In all 
cases the compression steel did not reach yield until 
the tension reinforcement at the particular section had 
yielded. No reliable measurement of the strain at gauge 
row 7 at 0706 P* on beam N1-S62 was obtained (see fig. u 
5.6 (a) )o At all load intensities on all the beams, 
the compression strains at the centre of the test 
sections (gauge rows 3 to 6) 9 were small0 
Once diagonal cracking developed the compression 
reinforcement showed tension strains at the low 
moment end of the test section. This is consistent with 
the observed tension cracking in the compression face 
of the beams (sec figso 5.3, 5.4 and 5.5). More will 
be reported about this phenomenon in section 503040 
The dashed lines drawn in figo 5.6 are the 
theoretical compression reinforcement strains 
calculated on the basis of a conventional cracked 
elastic section. As was the case with the tension 
steel strains, the loads used in the analysis 
correspond with the experimental loads. The agreement 
between theory and experiment before the onset of 
Gauge lo cat ion ( ref. fig. 5.1) 
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diagonal cracking is good. Even just after diagonal 
cracking in beams N1-S62 and Nl-S63 the agreement is 
satisfactory (see .423 P* fig. 5.6 (a), and .493 P* u u 
figo 5~6 (c) ). The reason for this is that the 
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compression steel strains are associated with the 
moment at the section, not the moment at a section 
closer to the point of maximum moment (see fig. 4.11). 
Equivalent curvcttures for these beams were 
found from the strains measured in the longitudinal 
reinforcement. They are shown in figs. 5.7, 5.8 and 
5.9. In figs. 5.8 (a) and 5.9 (a) the equivalent 
curvatures prior to plastic deformation of the beams are 
presented0 Part (b) of both figures show post-elastic 
behaviour to a reduced scale. The three figures 
indicate that? in general, the equivalent curvatures 
along the beams are uniform. The large increase at 
gauge row 5 of beam N1-S62, at .701 P~ in fig. 5.7, 
corresponds with the high tension reinforcement strain 
where the critical diagonal crack crosses the rein-
forcement (see fig. 5.2 (a) ). 
5.3.2 Concrete Strains 
The maximum concrete compression measured 
in beam N1-S62 was 2400 microstrains at .706 P*. This u 
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Fig. 5 .9 Equivalent Curvature in Beam N1-S63 
ment at the section had not yielded. The effective 
compression zone was small because of the penetration 
of the diagonal crack (see figo 5o3)o Again from 
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fig$ 4.11 it can be seen that only the concrete above 
the diagonal crack is effective in resisting the moment 
at the section AA'. 
Maximum concrete compression observed in beam 
N1-S32was 3600 microstrains at .919 P*. 2600 micro-u 
strains were measured in beam N1-S63 at e926 P*@ u 
Unfortunately the maximum unconfined compressive strains 
could not be obtained from the tests. 
5 .. 3 .. 3 £;.racking 
The cracking can conveniently be divided 
into four types, three of which are; flexural, diagonal 9 
and dowel and aggregate interlock crackingo A fourth 
type is cracking of the compression zone owing to arch 
action. This will be described briefly in section 
5.3.3.1 Flexural Cracking 
Fig. 5.10 is a diagramatic representation 
of the displacements along and across some cracks in 
side 2 of beam N1-S32a The displacements shown are 
typical of those measured in the other two beams being 
discussed. As was found in the beams without web 
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reinforcement the displacement along the cracks is 
smaller at the level of the reinforcement than nearer 
the centre of the beam. All the secondary cracks have 
not been shown in this figure for clarity~ 
I 
From figse 5.3, 5.4 and 5.5 it can be seen that 
there was only light flexural cracking in the top of 
the test sectionso No real distinction can be made 
between flexural and diagonal cracking especially in 
the region of low moment. When the cracks formed in 
this region they were inclined and none penetrated far 
normal to the axis of the beams. As was discussed in 
chapter 3 shrinkage cracks formed along the stirrups 
but these were considered to have negligible effect 
on flexural and diagonal cracking~ 
5.3.3.2 Diagonal Cracking 
In each of the three beams two diagonal 
cracks formed almost at the same load intensitys In 
all cases the cracks propagated relatively slowly 
compared with the corresponding beam without web rein-
forcement. Figse 5~3, 5.4 and 5~5 show the load 
increments at which the cracks formed, and to where 
they propagatedo The crack at the low moment end of 
the test section stabilised once the second diagonal 
crack was well developed. This crack then propagated 
progressively towards the section of maximum moment 
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until it had penetrated deep into the compression 
zoneo The crack patterns for the three beams are all 
similar~ A third diagonal crack, much steeper than the 
other two, formed also. It was an extension of a well 
developed flexural crack near the maximum moment section. 
The most critical of the three diagonal cracks .in each 
beam was the middle one, which had a slope of approxim-
ately 45° to the longitudinal axis of the beama It was 
along this crack that separation occurred in two of the 
beamso 
5.3@3.3 Dowel and Aggregate Interlock Cracking 
There was very little dowel or aggregate 
interlock cracking in any of the beams between the 
section of maximum moment and the nearest diagonal 
crack. Dowel cracking was well developed on the low 
moment side of these diagonal cracksQ They did not form 
until the diagonal cracks had formed. Most of them 
propagated along the tension reinforcement to the 
adjacent flexural crack but a few stabilised short 
of the next crack as can be seen in fig. 5.5. 
5.3.4 Arch Action 
Once the first diagonal crack had developed 
some cracks appeared in the compression face of the 
three beams (see figs. 5.3, 5.4 and 5~5)o Where there 
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were none of these cracks the concrete in the compress-
ion zone above the diagonal crack showed smaller 
compressive strains. Fig. 5.11 shows selected strain 
profiles in the concrete above the diagonal crack near-
est the section of zero moment. These profiles are 
/ 
obtained from measurements at load increments just 
before and just after formation of the diagonal cracko 
All the profiles drawn show a decrease in compression 
of the extreme compression fibre and an increase in 
compr~ssion of the concrete further down the beams 
after diagonal cracking. This indicates that the centre 
of the compression force in the section has moved 
towards the tension reinforcement when diagonal cracking 
has developed. The position of the centre of the 
compression force for the three beams has been plotted 
in fig. 5.12. The method of determining this has been 
described in section 4e5e5~ It follows a smoother 
profile at high loads than low loads (see fig. 5.12 
(b) and (c) ). This is due to the evening out of 
tension reinforcement stresses along the beam by 
diagonal cracking of the beam and yielding of the 
reinforcement (see fig. 4.2) 
5o3o5 Deformation Characteristics 
For the purposes of the deformation 
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Fig. 5 .12 Centre of Compression Force ,n Beams 
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fixed as shown in fig. 50130 
5a3.5.1 Transverse Expansion 
When a diagonal crack forms in a beam it 
becomes deeper by virtue of the crack opening in a 
direction normal to the beam's. axi.ls:1-:_; Thi:Sl w:lllt~.ernctermed 
transverse expansion. Because of this effect the 
measured deflection of the tension and the compression 
faces will be different. Figs. 5.14 (a), (b) and (c) 
show the transverse expansion of the three beams .. Both 
expansions measured over 89% of the overall beam depth 
and 76% of the stirrups are presented in the figures .. 
The transverse expansion measured on the stirrups 
corresponds to 67% of the overall beam depth. 
The diagonal crack first became apparent in beam 
Nt-S62 at .423 P*, in beam N1-S32 at .485 P*? and in 
u u 
beam N1~S63 at .493 P~ .. This is evident from the first 
significant transverse expansion measured on the beams 
as shown in fig$ 5.14. After first cracking the 
diagonal cracks open up uniformly. The jump shown 
between .740 and 0858 P* on beam N1~S63 was a result 
u 
of sudden formation of dowel cracks (see fig. 5.5). 
The transverse expansion from stirrup strains are 
seen to be always smaller than the expansion measured 
on the concrete across the entire beam. The distribution 
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for stirrups over the extent of a diagonal crack. To 
see this compare fig. 5.14 with the corresponding 
photographs of the crack patterns of the three beams, 
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The deflected shape of beam N1-S63 has been drawn 
in fig. 5.15. The deflection of the compression face 
is shown by the full lines and that of the tension 
face by the dashed lines. A noticable reverse 
curvature can be seen in the compression face at andafter 
.616 P*. This is caused by arch action and the u 
consequent cracking of the compression face at the 
upper end of the beam. The tension face shows a more 
normal deflected shape of single curvature. This type 
of deflected shape is typical of the three beams being 
discussed. The slope of the beam at the built in end is 
due to shear deformations. 
5.3.5e2 Deformation of the End Section 
The deformation of the sections at the 
upper end of the test length of the beams are plotted at 
selected load intensities in fig. 5.16. Unfortunately 
the only section observed once yield was well 
developed in the tension reinforcement, was on beam 
N1-S32. As can be seen in the figure, the section at 
.950 P~ was not plane but the deviation from a plane 
section was no more than at lower load intensities. 
40 
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The shape of the sectLon in all three beams was the same, 
being described approximately as a very flat "S"o Fig., 
5.17 shows the deformation of a section in a cracked 
reinforced beam subjected to shears The bending moment 
diagram of the concrete cantilever is sketched and so 
is the deflected shape this produces. Superimposing 
it on the plane deflected shape of the section gives the 
deformed shape of section AA'e It is seen that this 
flat "S" corresponds with those measured. 
5.3.5.3 Load Deflection Characteristics 
The total beam deflections were measured 
by dial gauges and corrected for movement of the whole 
loading frame as described in chapter 3., Flexural 
deflections were calculated by summing the equivalent 
curvatures at each section of the beams. The method 
of finding deflections in this way was also described 
in chapter 3~ Figsa 5o18? 5.19 and 5.,20 show the 
load deflection relationships for beams N1-S62, N1-S32 
and N1-S63 respectively. Also included in these 
figures are the theoretical deflections of the uncracked 
and flexurally cracked beams. These will be discussed 
more fully in chapter 8. 
Part (a) of fig~ 5s18 is the deflection of beam 
N1-S62 in the elastic range. This beam, which failed 
in shear, was subjected to small plastic deformations 
189 
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before failure. These may be seen in part (b)o At 
higher loads there was considerable creep in all the 
beams with web reinforcement. The deflections have 
been plotted to the load attained at the particular 
increment@ A dotted curve showing the approximate 
path of the load deflection relationship taking short 
term creep into account is also shown~ The fall off 
in load was measured (see tables in appendix B) at 
each load increment0 
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The difference between the total deflection and the 
deflection calculated from equivalent curvatures is the 
shear displacement in the beams. Once diagonal crack-
ing has been initiated the shear displacement is seen to 
become an appreciable proportion of the total. At 
.632 P* on beam N1-S62 1 over half of the total deflection u 
was due to shear deformations. The kink at 0059 P* in u 
the first load cycle (see fig~ 5w18 (a) ), is probably 
an incorrect dial gauge reading. 
Part (a) of fig~ 5.19 shows the deflection of beam 
N1-S32 in the predominantly elastic range. Part (b) 
is the initial loading section of (a) enlarged to show 
details of the curves. As can be seen in the figure 
several small load increments were used to find the 
stiffness of the beam prior to crackingo As was the case 
with beam N1-S62, once diagonal cracking had developed 
at .465 P*, the shear displacement became a very u 
significant proportion of the total deflectiono The 
load deflection curve extending into the plastic 
range is shown in fige 5.19 (c). The beam is seen to 
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be very ductile, having a member deflection ductility 
factor of at least 8. This is calculated from the 
deflection on the falling branch of the curve at a load 
corresponding to the yield load, divided by the deflect-
ion at the yield load. As the curve shows s smooth 
transition from elastic to plastic, the yield deflection, 
and load, are found from extrapolation of the adjacent 
straight portions of the relationship& 
The shape of the load deflection relationship of 
beam N1-S63 shown in fig. 5.20 is similar to that of 
beam N1-S32e Slight diagonal cracking had commenced by 
.493 P* and above this the shear deformations became 
u 
increasingly significant. No post-elastic deflections 
were measured on this beam. 
At this stage it is appropriate to discuss 
qualitatively the failure of the three beams. Beam 
N1-S62 failed in shear by separation across the 
critical diagonal crack as seen in fig. 5.21~ Details 
of the separation of the compression zone are shown in 
fig. 5.22. The three stirrups that crossed the sep-
atation crack all yielded. At failure the crack 
Fig. 5.22 Critical Compression Zone of Beam 
N1-S62 at Failure 





propagated right to the compression face of the beam and 
the split along the tension reinforcement opened by as 
can be seen in fig~ 5o21o At load increment 15 the load 
on the beam was held at 54.90 kips Co80 P*) for one u 
minute, but when the valve to the hydraulic jack was 
closed it dropped back to 48e46 kips after 14 minutese 
Beam N1-S32 failed in a shear-flexure type mode0 
This is characterised by separation along a diagonal 
crack as well as considerable post-elastic deformation 
of the beam and crushing of the compression zone 
concreteo Figa 5023 shows side 1 of beam N1-S32 at 
failure. The stirrups yielded across the diagonal 
cracks which opened near failure. The concrete began 
to crush at 1.02 P*o When the crushed concrete was u 
removed after failure it was found that the stirrup 
at this section was bowed outwards considerably. Fig. 
5G24 shows a close up view of this stirrup where the 
bow is clearly visibleo It is believed that the 
lateral force exerted by the confined concrete caused 
the stirrup to bend in this mannero The compression 
reinforcement did not buckle although it showed 
strains considerably in excess of yield. 
A photograph of side 1 of beam N1-S63 after 
failure is shown in fig. 5o25o The failure is seen to 
be of the shear-flexure type with very distinct 
separation along a diagonal crack. Details of the 
Fig. 5.24 Critical Compression Zone of Beam 
N1-S32 at Failure 




Fig. 5.26 Critical Compression Zone of Beam 
Nl-S63 at Failure 





crushed compression area of the beam can be seen in 
figo 5.260 There are definite signs of crushing and 
spalling along with penetration of the diagonal crack 
right to the compression face of the beam. All except 
one of the stirrups that crossed the critical diagonal 
crack had yielded at .989 P*. Concrete was spalling 
u 
from the compression zone at 1.08 P~o No signs of 
compression reinforcement buckling were observed. 
5.4 Beams N2-S62, N2-S32 and N2-S63 
The position of the 4 inch demec gauge rows, and 
the position of the line of action of the load on the 
three beams are shown in fig. 5.1. 
5e4.1 Behaviour of the Longitudinal Reinforcement 
5.4o1.1 Tension Reinforcement 
The average strains in the 
tension reinforcement of the three beams are presented 
in fig. 5.27. Only selected load intensities have been 
plotted., These have been chosen at critical stages in 
the loading of the beams. The dashed lines show the 
theoretical strains based on a conventional cracked 
elastic analysis reviewed in appendix C. The load used 
in this analysis corresponds with the load intensity for 
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Fig. 5.27 Tension Reinforcement Strains In Beams 
N2-S62, N2-S32 and N2-S63 
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the lowest observed strain profiles plotted0 These 
theoretical and measured strain profiles agree well 
for beams N2-S62 and N2-S63e Beam N2-S32 profiles do 
now show such good agreement.. It is thought that 
slight diagonal cracking is the reason for this0 
Figse 5e28, 5 .. 29 and 5e30 are photographs of 
side 1 of beams N2-S62, N2-S32 and N2-S63 respectively@ 
As has already been discussed in section 5.3.101 1 kinks 
occur in the tension reinforcement strain profiles 
where the diagonal cracks cross the reinforcement. 
Fige 5.27 (a) shows an interesting very distinct 
flattening of the strain profile at 0870 P* and to a u 
lesser extent at 0696 and e788 p*@ The theory 
u 
presented in chapter 8 adequately explains thise 
5o4e1o2 Compression Reinforcement 
Strains in the compression reinforcement 
of the three beams at various load increments are 
shown in fige 5e31. Theoretical strains calculated on 
a conventional cracked elastic section are shown by the 
dashed lines .. Good agreement between observed and 
theoretical strains have been obtained at .348 P"' u 
on beam N2-S62, and at .430 P"' u on beam N2-S32 .. 
The 
theoretical strains are low at .346 P* on beam N2-S63G u 
As can be seen from the figure, once diagonal 
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Fig. 5. 31 Compression Reinforcement Strains in Beams 
N2-S62, N2-S32 and N2-S63 
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into tension at the low moment end of the beam. This 
has been discussed in section 5.3.1.20 The compression 
steel yielded only when all the tension steel had 
yielded at the particular section. Until that point 
the strains in the compression reinforcement were low. 
5e4.1~3 Equivalent Curvatures 
Figs. 5.32, 5.33 and 5.34 show the 
equivalent curvatures calculated from the reinforcement 
strains in beams N2-S62 1 N2-S32 and N2-S63 respectively. 
Part (a) of each figure shows the equivalent curvatures 
prior to yield of the tension reinforcement and part 
(b) shows those in the post-elastic range. They are 
much the same as those from the N1 - series beamsa 
The longer length of plastic deformation in the N2 -
series beams is to be expected because the moment 
gradient along the beam is not so high as in the N1 -
series~ When the load increased above that causing 
yield at the maximum moment section 1 the yield would 
spread along the reinforcement more rapidly. 
504.2 Cracking 
The crack propagation characteristics of 
the three beams were similar to those of beams in the 
N1 - series discussed in section 5.3.3. Thus only new 
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5.4.2.1 Klexural Cracking 
Beam N2=S32 showed considerable 
cracking prior to loading. These cracks can be seen 
in fig .. 5,.29? as lightly drawn with the marking "O" 
208 
at either end,. Beam N2-S63 showed a tendency to crack 
along the stirrups at low load intensitiese They are 
not considered to be flexural crackse 
As with previous beams the spacing of the flexural 
cracks is affected by discontinuities in the concrete0 
Crctcks formed sooner than expected from consideration 
of the measured modulus of rupture of the concrete. 
This is attributed to shrinkage. 
Displacements along and across some cracks in 
side 2 of beam N2-S63 are shown in fig,. 5,.35. The 
displacements across the diagonal cracks near ultimate 
load were large. The largest displacements observed 
were towards middepth of the beam® Unfortunately the 
pattern of relative deformations of the concrete 
cantilevers is not very consistent for these beams as 
all showed considerable secondary cracking caused by 
dowel and aggregate interlock action. 
5 .. 4.,2 .. 2 Diagonal Cr:ackii.:,~ 
Diagonal cracks formed in these three 
beams in much the same way as those previously 
discusseda In beam N2-S62 the first diagonal crack was 
0 0·01 
Scale of displacements 
) 
for increment - load 
see tabl.e B. 9 
Fig. 5. 35 Displacements Across Cracks in Side 2 of am N2-S63 
\4 
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detected at .525 P*0 There was some tendency for cracks u 
to become inclined from .438 P*. The crack along which 
u 
eventual separation of the beam occurred formed at 
G788 p• (see fig. 5.28). Both beams N2-S32 and N2=S63 
u 
also showed significant stirrup strains the load 
increment before diagonal cracking was observed. The 
load intensities at which these first formed were G536 
p• and .573 P* respectively. u u 
The diagonal cracks did not show any particular 
way of forminge Some of them were extensions of 
flexural cracks which had become inclined and then had 
suddenly propagated as diagonal tension cracks@ Others 
propagate in both directions at quite a flat angle from 
the head of a flexural crack. The diagonal crack 
that formed at @788 p• in beam N2=S62 is an example u 
of this (see fig. 5.28). Both types of behaviour were 
observed in beams previously discussed. 
Once the diagonal crack had formed it usually 
propagated slowly towards the section of maximum 
moment. The crack nearest the point of zero moment 
(see figs. 5@28, 5.29 and 5.30) stabilised once arch 
action was well developed in the beams. Cracks closer 
to the critical section continued to propagate right 
to eventual failure. 
211 
5.4s203 Dowel Cracking 
Very little dowel cracking was observed 
in any of the beams before diagonal crackinge As with 
beams of the N1 - series there were few dowel cracks 
between the critical diagonal crack and the section 
of maximum moment& The displacements along the 
cracks were too small for these to form. On the other 
hand the beams showed considerable cracking along the 
tension reinforcement as extensions of the diagonal 
· cracks0 This can be seen in beam N2-S62 in fig$ 5e28e 
There are so many cracks in beam N2-S32 (see fig0 
5e29) that it is difficult to tell which are surface 
shrinkage cracks and which are dowel cracks& Beam 
N2-S63 exhibits some well developed dowel cracking 
like beam N2-S62 (see fig® 5e30)® 
5e4e3 Arch Action 
The behaviour of the compression faces of 
the three beams were similar to those of the N1 -
series beams after the onset of diagonal cracking. It 
can be seen from fig. 5.31 that the compression rein-
forcement towards the low moment end of the test 
length showed significant tensile strains once dia-
gonal cracking had developed. 
Fig. 5.36 shows the position of the centre of the 
compression force in the three beams at various load 
·61' 










Fig. 5. 36 Centre of Compression Force in Beams 
N2-S62, N2··S32 and N2-S63 
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intensities. Unfortunately beam N2-S63 had not 
cracked.sufficiently before .573 P* for the analysis u 
to be valide Thus no centre of compression force was 
computed before diagonal cracking was initiated. The 
kink just on the maximum moment side of midspan of 
the beam .is caused by low tension reinforcement 
stresses at 4 inch demec row 60 The results at .348 
p• of beam N2-S62 were also useless at the low moment 
u 
end of the test length. Thus the discontinuity at this 
load intensity in fig. 5.36 (a). The traces of the 
compression force centre in fig. 5.36 are all similar 
to those shown in fig. 5.12 for the N1 - series beams. 
Arch action is quite pronounced in these beams of the 
N2 - series. 
5.4.4 Deformation Characteristics 
The beams are considered fully built in as 
shown in fig. 5.13. 
Transverse expansion of the three beams 
is shown in fig. 5.37e Both the expansion measured 
over 89% of the total beam depth and 76% of the stirrups 
are included, except for beam N2-S62 where no readings 
were made over 89% of the depth. All demec gauge 
readings on the concrete of beam N2=S32 were discontinued 
0·14-----------------
0 · 12 ,____ ___ ,____ __ ...,.___ _____ _ 
I 
I 





















~ / \ .93s· Pi 
~ I \ 
I \ 
~ I 
-~0· 04----,----~ ..... --------~,---
ftl I '- ,._·953 \ e- I --.... \ 
,., ,1 ' ..... \ \ 
.- - - -e • 870 \ · \ 
/ -- -
up beam (ref. 
40 
5.13) Cin.> 



























































0 10 20 30 ·345 40 
Distance up beam (ref. fig. 5.13) <in.) 
Cc) N2-S63 
Fig. 5.37(b)&(c) Transverse Expansion of Beams 
N2·-·S32 and N2-S63 
215 
216 
after 10002 P* and hence the transverse expansion for this u 
beam was not obtained for large post-elastic deformationse 
In all cases the transverse expansion measured across 
the concrete of the beam is greater than that from 
summing stirrup strainse Once the stirrups had yielded 
the expansion increased very rapidly (see fig@ 5@37 (a) 
and (b) )o Again the parabolic distribution of strains 
in the stirrups crossing a particular diagonal crack 
is apparento This is especially true of beam N2-S32 
where the stirrups are close together. 
From fig® 5.37 (a) it can be seen that transverse 
strains in beams N2-S62 were significant at .525 
The diagonal cracks in this beam first formed at this 
load intensity. The positions at which these cracks 
formed are shown to be around 15 and 35 inches from the 
fixed end of the beam. This can be verified by referring 
to fig. 5.28. By similar interpretation of figs$ 5937 
(b) and (c) it can be seen that diagonal cracking was 
initiated at .536 and .573 p• in beams N2-S32 and 
u 
N2-S63 respectivelyo 
5o4e4e2 Deformation of End Sections 
The deformations of the section at the 
low moment end of the test lengths of the beams are 
drawn in fig0 5.38u As with the beams of the N1-
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very flat "S"" This was discussed in section 5 .. 3e5 .. 2., 
1.002 P~ was after large plastic deformations had 
occurredo As far as beam behaviour is concerned the 
deformation of the end section is of little importance& 
5.404.3 Load Deflection Characteristics 
Figs0 5.39 7 5.40 and 5.41 show the 
theoretical and observed load deflection relationships 
for beams N2=S62j N2-S32 and N2-S63 respectively. The 
deflection characteristics for the three beams are 
similar. The flexural deflections calculated from 
equivalent curvatures agree very well with each other .. 
The flexural stiffnesses are seen to be almost constant 
right up to yield of the tension reinforcement (see 
figs .. 5 .. 39? 5.40 (a) and 5041 (a) .. Once diagonal 
cracking started the shear deformation in the beams 
increased rapidly until it made up about half the total 
deflection at yield of the tension reinforcement~ 
Fige 5e40 (c) shows the ductility characteristics 
of beam N2-S32 .. The dotted line is the approximate 
path of the actual load deflection relationshipa The 
fall off in load at each increment is known but the 
curve between each known deflection was not accurately 
determined. Beam N2-S32 had a ductility with respect 
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discontinued at a deflection of 3 inches and at this stage 
the load on the beam was still greater than the yield 
load. Figo 5o41 (b) shows the post-elastic flexural 
deflections observed in beam N2-S63o The overall 
deflections in the plastic range could.not be obtained 
from the testo 
5~4e5 Failures 
Side 1 of beam N2~S62 after failure is shown 
in fig~ 5w42. The highest compression observed in the 
concrete of the beam was 4200 microstrains 1¾ inches 
from the compression face at gauge row 9 at 0936 P*0 u 
No measurements on the concrete were taken at gauge row 
10 at this load intensity as the concrete had begun to 
spall awayo After the observations were made for the 
increment the load was increased to 1.030 P* at which u 
stage it fell of suddenlyo Failure was quite slow with 
gradual widening of the diagonal crack~ It was a typical 
shear failure with yielding of all the stirrups across 
the diagonal crack at .87 P*, and separation along this u 
crack0 Details of the critical compression zone area of 
the beam at failure are shown in fig0 5.43. 
Fig. 5.44 is a photograph of side 1 of beam N2-S32 
are failure. The concrete at the critical section had 
begun to show signs of crushing at 1e002 P*. The u 
tension reinforcement had yielded completely at .962 P* 
u 
Fig. 5 .43 Critical Compression Zone of Beam 
N2-S62 at Failure 




Fig. 5 .45 Critical Compression Zone of 
Beam N2-S32 at Failure 





and the stirrups crossing the failure diagonal crack 
had all yielded at 1.102 P*e The beam continued to carry . u 
increasing load, eventually reaching a maximum of 1e230 
P*~ The large rotation at gauge row 10 can be seen in u 
fig. 5.44. The side of the name plate at the base of the 
beam was parallel to the compression face before loadinge 
After the beam had failed the crushed concrete was 
removed@ This can be seen in fig. 5.45. It is apparent 
that the compression reinforcement did not buckle. The 
critical diagonal crack did not intersect stirrup 13 
(the bottom stirrup uncovered in the photograph). The 
failure was of the flexural-shear type. It is believed 
that the added shear resistance after yield of the 
stirrups across the failure diagonal crack was afforded 
by dowel action. More will be said about this in chapter 
Beam N2-S63 failed in a flexural-shear mode 
although the diagonal cracks opened up little at 
failure. Side 1 of the beam after failure is shown in 
fig. 5s46o It was somewhat twisted at this stage. The 
diagonal cracks in side 2 had opened up to a greater 
extent and showed destinct signs of separation. Hence 
the failure was influenced by shear. The maximum load 
attained was 1.097 P*. The tension reinforcement had 
u 
all yielded by .945 P* and the concrete had begun to 
u 
Fig. 5. 47 Critical Compression Zone of Beam 
N2-S63 at Failure 




crush at this load intensity. There was no buckling 
or kinking in the compression reinforcement although 
it had also yielded. Figo 5.47 shows details of the 
crushed compression area in this beam. The photo is 
taken from side 2 and shows some separation along a 
diagonal crack .. 
5 .. 5 Beam Nl-S12...d, 
In this beam the stirrup spacing was J.2 inches., 
228 
The beam was designed with this wide stirrup spacing so 
that if a potential separation crack formed at a steep 
angle it would cross only one or even no stirrups~ Thus 
ideal conditions for a premature shear failure would 
be created although an adequate volume of web reinforce-
ment was provided. 
The location of the line of action of the loadj 
and of the 4 inch demec gauge rows, are shown in fig~ 
5 .. 1 .. 
5.501 Behaviour of Longit~dinal Reinforcement 
505.1.1 Tension Reinforcement 
Tension reinforcement strain 
profiles at selected load intensities are shown in 
fig .. S048e The dashed lines are the strains predicted 
o,o 9 8 
Gauge 
7 6 5 /¼ 3 2 
location ( ref. fig. 5 .1) 






at .440 P~ and 0593 Pt by the conventional elastic 
theory presented in appendix c. 
230 
A photograph of side 1 of beam N3-S12,4 is shown 
in fig. 5.490 The kinks in the strain profiles in fig. 
5.48 are seen to correspond with the gauge rows where 
. the diagonal cracks cross the tension reinforcement. 
5.,5 .. 1 .. 2 ~yessi.on Reinforcement 
The compression reinforcement strain 
profiles are presented in fig. 5e50. The agreement with 
the theoretically derived strain at 0440 P~ is good~ 
As can be seen from the figure, the compression steel 
did not yield until 1.087 P*. At this stage the tension 
u 
steel had reached yield along three quarters of the test 
length (see fig. 5.48). At no stage did the compression 
reinforcement go into tension at the low moment end of 
the beam. However, once diagonal cracking was well 
developed, the compression strains were reduced in this 
region .. 
5.5.1.3 Equivalent Curvatures 
Fige 5e51 is a plot of the equivalent· 
curvatures calculated from longitudinal reinforcement 
strains in the beam. Part (a) shows them before yield 
of the tension reinforcement and part (b) is drawn to 
231 
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a reduced scale to show the post-elastic equivalent 
curvatures. A small amount of yield was observed in the 
tension reinforcement at e947 P* as can be seen in part 
u 
(b) of the figureQ 
5.502 Concrete Strains 
At .947 p• concrete compression¾ inch from 
u 
the compression face of the beam was 2200 microstrains 
at the critical section@ This concrete had begun to 
crush at the next increment although the compression 
reinforcement had reached only 65% of yield strain. Very 
small tensile strains were only observed in the compression 
zone concrete above the diagonal cracks at gauge row 1 
The crack propagation and crack patterns 
were similar in this beam to the other beams already 
discussed in this chapter. Some random cracking was 
observed before the beam was loaded but it was not 
considered to affect the behaviour of the beam during 
testingo 
SoS.3.1 Flexural Crackin~ 
Several flexural cracks formed at 0216 p• 
u 
in the first cycle of loading. Fige 5052 is a dia= 
at 
t t-
for increment - load 
relationship see 
table B. 10 












Fig. 5. 52 Displacements Across Cracks in Side 1 of Beam N3-S12,4 
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grammatic representation of the diaplacements across 
some of the cracks in side 1 of the beam. The general 
trend is the same as was observed in the beams previously 
discussed. 
It is interesting to note the two lots of dis= 
placements measured across the crack marked AA'. The 
very large displacement both along and across the 
crack at A compared to those nearer the tension face 
of the beam should be noted@ The difference is markedly 
influenced by the dowel crack between the two gauge 
positionse A similar but less pronounced effect has been 
noted in other beams testedo An explanation was given 
in section 4.7a1o 
The first diagonal cracks had formed by 
.700 P*0 Once of them was at the low moment end of the 
u 
test section while the other crossed the tension rein-
forcement about half way along (see fig. 5.49). The 
later diagonal crack propagated steadily up to .947 
It was still narrow at this stageo At 1 .. 087 P* it 
u 
P* • u 
propagated further and opened up along its whole length. 
505,,3.,3 Dowel CracJs:ing 
Substantial dowel cracking was observed on 
the low moment side of each of the three main diagonal 
235 
cracks. The dowel cracks formed at approximately the 
same time as the diagonal cracks and propagated back as 
far as the next flexural crack 1 or even through it to the 
one beyond. Even near failure these dowel cracks did 
not open up appreciablya 
5~504 Arch Action 
A typical width at 1.087 P* u 
Arch action did not develop to the same 
extent in this beam as in the beams already dlscussed 
in this chapter. As mentioned in section 5.5.2 very 
little tension was observed in the compression face of 
the beamo Neither did the compression reinforcement go 
into tension at the low moment end of the test section 
after diagonal cracking had developed (see fig. 5.50). 
There was a tendency for the centre of the compression 
force at this end to move down the section after diagonal 
cracks had formed. Fig. 5e53 shows the position of the 
centre of the compression force in the beam at various 
load intensities. 'At 1e087 p• the compression force is 
u 
shown outside the beam@ This is because the tension 
reinforcement was strain hardening~ No allowance was 
made for this in the analysise 
. ' . ' 
5@5@5 Deformation Characteristics 
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Fig. 5.53 Centre/ of \ Compression Force in Be~:i.m 





























Fig. 5. 5 4 Transverse Expansion of Beam 
N 3- S12,4 
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5.., 5., 5"' 1 '.If~ansyers.s: Expansion 
The transverse expansion of the beam is 
shown in fige 5.540 Diagonal cracking started at 0700 
P*, and this can be verified by the appreciable expansion u 
at this load stage. The sharp rise of the measurements 
over the total beam depth at .,999 p• is not present in u 
the expansion from stirrup strainse This is because the 
diagonal crack that caused the increase did not cross 
any of the gauge lengths on the stirrups. The very 
sudden increase int.he transverse expansion from stirrup 
strains at 1.087 p• was a result of yielding of a sti.rrup. 
u 
5.5.5.2 Deformation of the End Section 
The deformation of the section at the low 
moment end of the test length is shown in fig., 5055. The 
shape of the section is seen to be similar to those 
illustrate~ in figs., 5.,16 and 5.38. No post-elastic 
deformations were observed. on this section. 
5e5e503 Load Deflection Characteristics 
Deflection measurements were made both 
at very small load increments at initial loading, and 
in the post-elastic range of loading0 The load 
deflection relationships are drawn in fig@ 50560 Part 
(a) shows the relationships up to yielding of the 
tension reinforcement. Both flexural and total 
q-,., 
(For fig. ~.56 see 
Jk1geri 239 arnd 240) 
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deflections are includedm In both (a) and (b) theoretical 
deflection relationships are also included. Part (b) 
gives details of the observed deflections at initial 
loading .. 
The post elastic deformation on the beam is shown in 
fig. 5.56 (c). Even though the stirrup spacing in this 
beam was very large, the beam proved to be very ductile 
as can be seen in the figure .. Even at a deflection of 
3½ inches no appreciable reduction in the load carrying 
capacity was observed. The beam had a ductility of at 
least 19½ with respect to member deflection. These load 
deflection curves show no trends which have not been 
discussed previously. 
Fig. 5.57 shows the deflected shape of the beam up 
to .947 P*. Both the deflected shapes of the tension 
u 
and compression faces are included where there is an 
appreciable difference because of transverse expansione 
5.,5 .. 6 Failure 
A photograph of side 1 of beam N3-S12,4 
at failure is shown in fig. 5.58. The failure was 
of the flexural type with the diagonal cracks having 
little apparent influence. The concrete began crushing 
I 
at the maximum moment section at .999 p•, and the u 
compression reinforcement yielded at 1.087 P*. As can 
u 
be seen in fig0 5056 (c) the load still continued to 
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Fig. 5.58 Beam N3-S12,4 at Failure 
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increase substantially after thiso At failurA th0 beam 
was twisted but inspite of this the load attained was 
10302 P* due to strain hardening of the tension rein= u 
forcement0 At a deflection of 3½ inches the beam 
could not sustain the applied load even for a few 
secondsa At constant displacement the load dropped 
by a19 P* in five minutesQ There was no sign of 
u 
buckling of the compression reinforcement although it 
was only confined '.l inch above the reentry corner at the 
critical section and then 12 inches further up the test 
lengtho 
5.,6 Summary 
Prior to diagonal cracking the conventional 
analysis of a cracked section (see appendix C) yields 
both tension and compression reinforcement strains 
which agree well with those observed in the testso 
After diagonal cracking an analysis to find tension 
reinforcement strains must take account of internal 
load redistribution resulting from diagonal cracking~ 
This analysis is developed in chapter 8. 
Yield in the tension reinforcement spread along the 
tension steel 1 from the maximum moment section 9 a 
distance of 2d in beam N3-S12?40 The length of yielded 
tension reinforcement decreased with decreasing axial 
tension to shear force ratio. 
The compression reinforcement only yielded after 
yield of the tension steel was well developed@ Its 
region of yield was confined to the 4 inch demec 
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gauge length at the maximum moment sectiona Along the 
rest of the compression reinforcement the strains were 
low at all stages of loading. 
5,.6"'2 Cracking 
The maximum crack width observed 
at working load (taken as p•/1075) in any of the beams 
u 
was 0009 inches~ with average widths of the order of , 
' e005 inches. These crack widths are within the limits 
5 of the ACI Building Code " 
5o6o2e2 Dowel Cracking 
Dowel cracking» and also aggregate inter-
lock cracking~ was not initiated until diagonal cracks 
had formed. Dowel cracking did not develop to any 
appreciable extent on the high moment side of the 
major diagonal crack 1 except when the beams were close 
to failure,, 
50602.3 !2,l_agonal Cracking 
The slope of the diagonal cracks that 
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formed in the test beams were little different from 
those that would occur in beams not subjected to axial 
tensiono The crack patterns were all similar although 
the axial load to shear force ratio varied from 1 to 
3.1. 4 .. Where a beam failed by_-,separation across a 
diagonal crack, the critical crack was inclined to the 
longitudinal axis of the beam at an angle of less than 
45° .. 
5.6 .. 3 Deformation Characteristics 
5.6,.3o1 Transverse Expansion 
Significant transverse expansion was 
observed only after formation of a diagonal crack@ This 
expansion affects the deflected shape of the beam as 
was sho~n in figso 5.15 and 5057 .. The expansion 
calculated from summing stirrup strains was always 
smaller than that measured on the concrete of the beamo 
There are three reasons for this .. 
(i) The inability to measure the strain over the 
whoie stirrup .. 
(ii) S~ip of_stirrup anchorages. This is discussed 
in c::hapter 8. 
(iii) In some beams both diagonal and dowel cracks 
did not always intersect a stirrup, but rather 
propagated above or below them. 
5o6 • 3@2 Section Deformation 
The method described in chapter 3 for 
calculating the deflection of the test length of the 
beam depends 1 for its validity 1 on the planess of the 
two sections at either end of the test lengtho From 
the sections plotted in figs. 5.16, 5.38 and 5o55 it 
can be seen that the section at the low moment end 
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did not remain planeo The idealised section on which 
the method is based uses a line of best fit through the 
known deflection measurements. It is believed that the 
method is adequate considering the uniform shape of 
all the sections plotted and their relatively small 
departures from planess~ 
5.6.3o3 Load Deflection Relationships 
The beams showed similar load deflection 
relationships. Within each group of constant axial 
load to shear force ratio the flexural deflections 
right up to yield were equal 1 with the flexural 
stiffness being almost constanto 
After diagonal cracking considerable shear 
deflections were observed. The shear deflection did 
not increase linearly with load but rather it 
increased rapidly immediately after diagonal cracking 
and then, at higher load intensities 9 somewhat less 
rapidlyo This is attributed to the initial slip in 
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stirrup anchorages when the stirrups were initially 
stressedo The contribution of stirrup extension to shear 
deflection is discussed in chapter 80 
The member ductilities of the three beams on which 
this characteristic was observed, were large@ It is 
believed that provided separation failure is avoided~ 
the deflection ductility of the beams is enhanced by 
diagonal cracking because of the longer length of 
tension reinforcement which yields. 
5~6e4 Arch Action 
Arch action developed after diagonal cracking 
in all the beams with web reinforcemente It was less 
pronounced in beam N3-S12 1 4 than in the beams with 
lower axial tension to shear force ratio. There was 
little difference in the arch action observed in the 
beams of the N1 - and N2 - series beams. Some cracking 
of the compression faces of the beams was observed 
above the diagonal cracks and the compression reinforce-
ment showed small tensile strains at the low moment 
end of the test section. 
50605 Effect of Stirrups on Beam Behaviour 
One of the two major variables in this 
series of tests was the amount and spacing of web rein-
forcemente The effects of variations in each on the 
beam behaviour are listed below. 
5.6.501 Percentage of Web Reinforcement 
Increasing stirrup percentage while 
keeping spacing constant results in the following:-
(i) Shear deflection after diagonal cracking 
decreases@ 
(ii) Shear strength after diagonal cracking 
increases~ 
(iii) Rate of diagonal crack propagation is 
decreased. 
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(iv) Decreases diagonal crack width hence transverse 
expansion. 
(v) Does not influence crack patterns0 
5G6e5o2 Spacing 
Decreasing stirrup spacing keeping percent~ 
age constant results in the following: 
(i) Shear deflection after diagonal cracking is not 
alterede 
(ii) Shear strength after diagonal cracking is not 
altered® 
(iii) Decreases rate of diagonal crack propagationa 
(iv) Increases resistance to buckling of the 
compression reinforcement0 
(v) Increases confinement of the concretee 
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(vi) Except where the stirrup spacing is very wide 
it has little effect on diagonal crack width? 
hence transverse expansion. 
(vii) Does not influence the crack pattern. 
Some of the effects listed above were only of 
marginal significance over the range of the tests. 
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CHAPTER 6 
LOAD CAPACITY OF THE TEST BEAMS 
6.1 Introduction 
In this chapter the diagonal cracking loads, loads 
at yield of the tension reinforcement, and failure loads 
of all the beams tested will be discussed and compared 
with present theory0 A theory will be developed to account 
for failure loads in excess of those calculated with the 
use of the conventional Whitney 49 stress block. Axial 
stresses and nominal shear stresses of the beams at 
various important load intensities will be presented and 
compared with current ACI Building Code 5 recommendationse 
A ~ummary of the loads on the test beams is presented in 
6$2 Diagonal Cracking Load 
The diagonal cracking load of reinforced 
concrete beams can be defined in various w~yse Bresler 
and MacGregor 15 define it as the practical ultimate 
load for beams without web reinforcement. Others 
including Moore 38 define the diagonal cracking load for 
beams with web reinforcement as the load at which there 
Table 6.1 A Comparison of the Loads on all Beams 
1 2 3 4 5 6 7 8 9 
vdc Ny . V Beam vdc V V - Ny Ny de C * y V Ny C 
Kips psi psi - Kips Kips - psi 
N1-SO 21.04 174 155 1.12 - 44.1 - -
N2-SO 25.05 207 166 1.25 - 73.0 - -
N3-SO 22.44 187 
to to 148 1.26 90.0 83.7 1.0; 23i., 
23.35 194 
N1-S62 16.76 140 
to to 148 0.95 - 44. 7 - -21.28 178 
N1-S32 16.87 140 
0.9< 37E to to 143 0.9_8 43.1 43.5 22.60 188 
N1-S63 17.86 149 
to to 157 0.95 43.4 43.3 1.oc 381 
23.95 200 
N2-S62 15.69 131 0.9, 29C to to 153 0.86 71.7 73.2 
18.85 157 
N2-S32 14.94 124 
to to 150 0.83 73.6 72.0 1.02 289 
18.75 156 
N2-S63 17.12 142 
75.8 to to 140 1.01 73.7 1.03 300 
21.45 178 
N3-S12,4 15.56 130 
0.91 83.7 82.9 to to 143 1.01 216 
18.53 154 
2. Shear at diagonal cracking. 
3. vdc = vdc 
M 
4. VC = 1.9 J'TJ' + 2500 pVd (A.C.I. Eq. 17.2) c M - N (4t - d) 
~
5. Minimum value shown in col. 3. 
6. Axial Tension at onset of yield. 
7. Yield axial tension from elastic theory. 
10 11 12 13 14 
K 
V n Nu• 
u 
Nu -u u * Nu 
Kips psi psi Ki:;is -
19.01 174 132 44.66 0.43 
69.25 278 481 75.60 0.92 
93.50 243 651 8.5.85 1.09 
36.47 323 254 4-6.15 0.79 
47.55 401 330 44.85 1.06 
50.33 428 350 44.74 1.12 
77.67 297 539 7:,.34 1.03 
90.83 330 632 7;.44 1.24 
82.46 321 573 75.07 1.10 




Nominal shear stress at yield. 
Ultimate axial tension Nu• 
vu= Vu 
bd 
12. nu = Nu 
ot 
15 16 










90.08 1. 01 
86.47 0.95 
112.03 0.99 












15. Ultimate axial tension from modified Whitney theory. 
(see section 6.4.1.) 
"' ~
is significant increase in stirrup strains. This 
definition of diagonal cracking load is preferred in 
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this projecto It was found from observations of the 
cracks in the beams that the increase in stirrup strains 
corresponded with appreciable inclining of flexural 
cracks. Average stirrup tension of up to 150 micor-
strains was not considered significant in the terms of 
this definitiono For the beams without web reinforcement 
the diagonal cracking load was taken as the load at 
which a diagonal crack propagated into the flexural 
compression zoneo There was no difficulty in determining 
this load for two of the beams as the cracks propagated 
suddenly to within 1 inch of the compression face (see 
figsa 4.5 and 4e13). In beam N3-SO the diagonal crack 
was taken to form at .874 P* (see fig.' 4a19), although 
u 
several flexural sracks inclined towards the load point 
at lower load intensities@ 
6.2.2 piagonal Cracking Loads of the Test Bea~ 
The diagonal cracking shear force and 
nominal shear stress in the beams tested in this project 
are presented in columns 2 and 3 of table 6.1. The exact 
diagonal cracking load could not be determined from the 
experiments because of the size of the load increments. 
Where the crack was initiated between two load increments~ 
the loads at both increments are given. These values 
include the effect of dead load on the beamse Column 
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4 of the table gives the nominal shear stress at 
diagonal cracking as implied by the ACI Code Eq. (17.2)@ 
The equation without the capacity reduction factor is 
reproduced here for convenience. 
1 9 .u:,. 2500pVd ( 6 1) vc = " 'V-'-c ·+ -- (4t-d) " 
M-N --8-
(N is negative for axial tension in Eq. (6.1). The 
moment M, can be replaced for eccentric axial tension by 
(see section 4@4) 
t 
-N( e' + d - 2 ) 
where e 9 = the eccentricity of the axial tension from the 
centroid of the tension reinforcemento 
Therefore 
( 6., 2) 
(Nin Eqo (6.2) is positive for axial tension). Eq. 
( 6" 1) 
2 was developed by ACI - ASCE Committee 326 from 
consideration of the principal stress at the head of a 
crack .. Column 5 of table 6.1 gives the ratio vd /v. 
C C 
In the case of the three beams without web reinforce-
ment the ratio vd /v is greater than unity, and it 
C C 
increases with increasing axial tension to shear force 
ratio., 
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From the fact that Eqe (6.1) gives conservative 
results for the three beams, it can be concluded that 
it predicts the diagonal cracking load of beams with 
N/V ratio lower than 3o5 with reasonable reliability0 
No tests have been conducted to enable predictions to 
be made when N/V is greater than 3.So The other ACI 
Code limitation on the shear permitted to be carried by 
the concrete implies an even more conservative diagonal 
cracking sheara 
v ~3 .. 5\f'(1 + 0.,002N/A) (6.,3) er C g 
(Nin Eqo (603) is negative for axial tension)o It can 
be seen that no shear is permitted to be carried by the 
concrete if the axial stres~ exceeds 500 psio At 
ultimate flexural capacity all the beams of the N2 -
and N3 - series had an axial tension stress in excess of 
this .. 
The prediction of the diagonal cracking load of the 
beams with web reinforcement by Eqo (6e1) is seen to be 
better than for those without web reinforcemento The 
minimum nominal shear stress at which diagonal cracking 
could have occurred in the tests is lower than v in six 
C 
of the beamso In all these, however, v 1ies within the 
C 
load range in which the crack formed .. In the other 
beam vc is only 1% lower than the minimum observed 
diagonal cracking load of the beam .. 
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The diagonal cracking loads in beams N2-SO and 
N3-SO are higher than in their counterpart beams with web 
reinforcemente This is attributed to some transverse 
tension in the latter beams caused by shrinkage of the 
concrete along the stirrups. 
6e3 Load at Yield of the Tension Reinforcement 
41 Park has stated that, for under-reinforced beams 
the yield load can be found from the elastic analysis 
of a cracked sectiono Column 6 of table 601 presents 
the observed axial tension on the beams at full yield 
of the tension reinforcement. The axial yield load 
predicted by the theoretical elastic analysis is given 
in column 70 The analysis is outlined in appendix Co 
Column 8 of the table shows the ratio of experimental 
to theoretical yield load, while column 9 gives the 
nominal shear stress at observed yield of the tension 
reinforcemento 
Except for beam N3-SO the agreement between theory 
and experim~~t is excellento The beams N1-SO, N2-SO, and 
Ni-S62 did not show full yield of the tension reinforce-
m~nt before failure. The high o~served y~eld load for 
beam N3~SO ts believed to be caused by abnormally high 
yield_strength of the tension reinforcement at the 
critical section. 
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604 Ultimate Flexural Capacities of the Beams 
The ultimate flexural capacities of the beams were 
calculated using Whitneys 49 equivalent stress blocko 
The ultimate concrete strain was assumed to be ~003in/ino 
The analysis of a section subjected to axial tension at 
ultimate flexural capacity is summarised in appendix C® 
No account of strain hardening of the tension reinforce-
ment was allowed foro A modified version taking strain 
hardening into consideration is presented in section 
Column 10 of table 601 gives the measured ultimate 
axial tension on the beamso An allowance for the beam 
dead load and top portion of the loading frame is 
included@ Column 11 presents the nominal shear stress at 
ultimate load and column 12 gives the axial tension stress 
calculated on the gross sectional area of the beamso The 
ultimate axjal tension predicted by the conventional 
Whitney ultimate theory is given in column 13 1 and the 
r~tio of experimental to theoretical is presented in 
column 14~ 
Except for the three beams that did not attain 
their yield loads the beams all showed ultimate 
strengths in excess of N*. Beam N2-S62 showed an 
u 
almost pure shear failure (see fig. 5.42). However it 
attained its ultimate flexural capacitye The high 
observed ultimate strength of beam N3-SO is also believed 
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to be caused by abnormally high yield of the tension 
reinforcement .. 
604.1 Modified Ultimate Flexural Capacity of Beams 
With Compression Reinforcement 
Two modifications of the conventional flexural 
theory are required to explain the increase in the 
flexural capacity of the test beamso These are: 
(i) strain hardening in the tension reinforcement, 
and 
(ii) confin~ment of the compression concretee 
/ 
It is assumed that the concrete cover above the 
stirrups crushes successively as each fibre attains its 
ultimate strain. It is further assumed that once the 
concrete has spalled from above the compression rein-
forcementj the remaining concrete maintains a constant 
strength of a85f'. No concrete crushes below the 
C 
level of the top surface of the compression reinforcemento 
29 
Kent has shown that the stress strain 
relationship in the strain hardening range of the 
reinforcement• commonly used in this laboratory can be 
described by the following function: 
The reinforcement is manufactured by "PacifJ.c 
Steel Ltd", Auckland, New Zealand. 
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where f = steel stress 
s 
f = yield stress 
y 
fu = ultimate stress 
e = steel strain 
s 
8 
·sh = strain at onset of strain hardening 
e = ultimate strain,. 
SU 
For the pqrticu],ar steel used 
e = e 
sh + 0 .. 14 SU 
( 6 6 5) 
wh and w are factors given by a 
f u 32.,0 wh = 91o9f - ( 6" 6) 
y 
( 6"' 7) 
Both wh and w depend on (e - e ) but for the _ a su sh 
purposes of this analysis this has been taken as Oo14 
as given by Eqe (605)" 
Ftgo 601 shows the strain and idealised stress 
pfofiles at ultimate load of a doubly reinforced concrete 
beam subjected to an eccentric tension force,. The 
notation used in the analysis of this beam is as 
follows: 
8 = ultimate unconfined concrete strain 'CU 
e = strain at the compression face of the beam 
C 
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E = Youngts modulus of the tension reinforcement 
s 
f' = stress in compression reinforcement 
s 
f' = yield stress of compression reinforcement y 
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E' = Young's modulus of the compression reinforcement 
s 
c = ratio of the depth of the equivalent rectangular 
stress block to the depth of the compression 
zone concrete .. 
For equilibrium resolving forces in figs .. 6 .. 1 (a) 
and (d) 
N + Ct + C" ::: T 
Taking moments about the tension reinforcement 
Ne•= C"(d - d') + c•(d - (kd - y) + ¥) 
From fig. 6.1 (b) 
s . 
k C = s + s s C 
s t (kd = d ') s = 8 c kd 
( 6., 8) 
( 6 .. 9) 
( 6 .. 10) 
(6.,11) 
Four stages of concrete behaviour in the compression 
zone must be considereds 
Stage 1: - Concrete has not commenced spalling, 
and compression reinforcement is completely above the 
and kd ~d' D' + -2 





y ,:: k 'd 
C' - ,.85f'bck'd 
C 
co := A I ( f' 
s s - .. 85f') C 
f' = B IE t s s s 
e' < f '/E' s y s 
f' = f' s y 
St ~ f 1 /E 1 s y s 
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( 6., 1.2) 
(6"13) 
( 6 © 14) 
( 6 .. 16) 
Stage"2 : - Concrete has not commenced spalling and 
C 
the,.--fieutral axis is above the bottom face of the 
r.· -





kd< d' D' + 2 
C" = A'f' s s 
f' is given by Eqse (6e15) or (6016) 
s 
(6 .. 17) 
_ Stage 3 ~ - Concrete has commenced spalling and 
compression reinforcement is completely above the neutral 
and 
8 c > 8 cu 
D' kd ~ d t + 
Referring to fig0 6e1 (b) and (d) 
i 
or 
8cu y = -kd e 
C 
D' y = kd - d' + 2 
The larger value of y from Eqs. (6,,18) and (6.19) is 
taken., 
Now C' = Q8Sf 1 bcy 
C 
and C" is given by Eqo (6e14)., 
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(6,.18) 
( 6., 19) 
(6 .. 20) 
Stage 4 : - Concrete has commenced spalling and the 
neutral axis is above the bottom face of the compression 
reinforcem.ent, .i.e., 7 
8 c ::;:;,-e cu 
and kd < d' + D' 2 
Figo 601 (d) shows y which is given by Eqse (6018) or 
(6,,19)., C' and cu are found from Eq., (6 .. 20) and Eq0 (6.,17) 
respectively@ 
This analysis is only applicable for an underrein-
forced section so the tension reinforcement has already 
yielded. 
When 
when e > e h s s 
then fs is given by Eq. (6.4) 
T = f A s s 
263 
The trial and error method of finding the modified 













Find k or k' and e ' from Eqs.. ( 6 .. 10) 
s 
and (6 .. 11) respectively .. 
Find y from Eqs0 (6,,12) 1 (6.18) or 
( 6" 19)" 
Find T, C' and C" from the appropriate 
Eq .. of (6.,.13) 7 (6~14) 1 (6.,17); (6"'20) 
and ( 6 .. 21) 
Find N from both Eqs. (6.8) and (6.9) 
The two values of N are compared and if 
they are equal the value of N is the 
ecceqtric axial tension for the partic-
ular s chosen in Step 1., If N from 
s 
Eq. (6 .. 8) is sm~ller than that obtained 
from Eq"' ( 6" 9) 1 e c is decreased and the 
computations are started at Step 3. If 
N from Eq. (6.8) is larger than from Eq. 
(6.9) 1 s is increased and the computations 
C 
proceed again from Step 3. 
A new value of 8 is chosen and the 
s 
calculation commenced from Step 1 .. 
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The largest value of N obtained before complete 
yield of the compression reinforcement is considered to 
be the ultimate axial tension N••, the section will 
u 
sustaino The values of this are given in column 15 of 
table 6.1, and column 16 gives the ratio N /N**• The u u 
ultimate unconfined concrete strain used to calculate 
N** was taken as .004in/in. The ratio N**/N* is given u u u 
in column 17. 
As can be seen from the ratio N /N** in table 601, u u 
the modified theoretical ultimate flexural capacity 
gives good agreement with the observed failure loads of 
the beams that failed in the post-elastic range; The 
two beams, N2-S32 and N3-S12,4, that showed the largest 
increase of strength after yield of the tension rein-
forcement, give excellent agreement with the modified 
theory. From consideration of the ratio N**/N* it is 
u u 
apparent that the higher the ratio of N/M, the greater 
the effect strain hardening of the tension reinforcement 
has on the ultimate flexural capacity of a beamo 
6.4.2 Effect of Diagonal Cracking on Ultimate 
' •·· '• . ,'· .. 
Flexural Capacity_ 
The_sh9rt l~ngth of_co~pression zone 
between the head of a diagonal crack and the section 
of maximum moment is associated with tension reinforce-
ment strains along the longer length of beam between 
the point where the major diagonal crack crosses the 
tension steel and the section of maximum moment (see 
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fige 4o2). If it is assumed that the right hand portion 
of the cantilever rotates about the head of the diagonal 
crack then it can be shown that, for compatibility of 
strains, the compression zone is shallower than would be 
calculated from conventional flexural theoryo Howeverj 
at ultimate load the difference in the depth of the 
compression zone is small relative to the effective 
beam depth and thus the internal lever arm is only 
slightly longer in beams with diagonal cracks than in 
beams without. By halving the depth of the compression 
zone in the modified ultimate load analysis of beam 
N3-S12,4 the internal lever arm is increased less than 
5%o A reduction to this increase is afforded by the 
constant lever arm to the compression reinforcement, 
which 1 at ultimate load, resists approximately 80% of the 
~ompression force in the beame Thus it is apparent that 
the internal lever arm is only marginally affected by 
diagonal cracking in the test beams. Because the 
ultimate flexural capacity is directly proportional to 
the internal lever arm it can be concluded that shear 
and diagonal cracking does not significantly effect the 
modified ultimate load analysis. 
6@4s3 Flexural Reinforcement Strains from the 
Modified Theory 
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Fig. 6.2 shows longitudinal reinforcement 
strains at the critical flexural section plotted against 
the applied post-elastic axial tension on beams N2-S32 
and N3-S12,4e The modified theoretical tension and 
compression reinforcement strains are plotted to 
different scales. Also the observed tension steel 
strains at the critical flexural section are included. 
These two beams were chosen as representative examples, 
as the enhancement of their ultimate strengths as a result 
of strain hardening of the tension reinforcement was the 
greatest of any of the beams tested. The full line in 
the figure is the modified theoretical tension steel 
strain, and the dash-dotted line j_s the theoretical 
compression steel straine Both are calculated on the 
assumption that the confined compression zone concrete 
maintains a constant strength of 685f' up to a strain 
C 
in excess of 1%e The dashed lines drawn at the onset of 
strain hardening show the likely actual tension rein-
forcement strain relationship taking into account the 
effect of two layers of tension reinforcement. The 
theoretical analysis did not consider this. The various 
critical points marked on the theoretical curves are 
given in the key to the figure. The compression rein-
forcement is assumed to yield when its centroid reaches 
267 
Compression reinforcement strain 
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yield strain. Complete yield, on the other hand 1 
occurs when the whole cross section of the bars have 
yielded. The highest load attained up to complete 
yield of the compression steel is considered to be 
the failure load N**o If the confined concrete is no 
u 
longer effective after N** is obtained, the steel u 
couple may resist the applied loado This is shown by 
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the dotted line in the figure. The two points marked 
"after 1 day" give the load sustained by the two beams 
one day after the tests were completed. Also marked on 
the theoretical curves are the observed failure loadse 
6.4.4 Buckling of the Compression Reinforcement 
It was noted in the various sections 
describing beam failures in chapter 5, that there was 
little or no buckling of the compression reinforcement 
once it had yielded. Beam N3-S12,4 was a good example 
of thiso The compression steel was restrained by a 
stirrup 1 inch above the critical section and no more 
restraint was present over the next 12 inches of 
compression reinforcement. It is obvious that any 
tendency to buckle was in the plane of the beam towards 
the tension reinforcement where adequate resistance to 
buckling was afforded by the concrete. This would be 
the most likely direction because of the curvature 
induced in the bars by bending of the beam in this 
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plane. However, it is surprising that the reinforcement 
did not buckle outwards normal to the plane of the beam@ 
It is believed that the relatively small area of 
crushed concrete is responsible for thiso Sufficient 
concrete remained intact in the compression zone, except 
right at the section of maximum moment, to prevent this 
type of buckling* 
6e5 Shear - Flexural Failures 
In chapter 5 several of the beams were described 
as failing in a shear-flexural type mode. It was noted 
that the critical area of the compression zone of these 
beams was cracked along planes radiating from the 
reentry corner (see figs~ 5.26 and 5045). These planes 
are normal to the directions of the principal tensile 
stresses in the critical zone. 
When a beam contains diagonal cracks, which have 
propagated towards the critical flexural compression 
zone, the planes previously mentioned are sources of 
potential cracking in the compression zone as a result 
of incompatibility of deformations on either side of the 
diagonal cracko If the stirrups across the diagonal 
.cracks are still below yield, the cracks do not 
penetrate far into the compression zoneQ Once the 
stirrups have all yielded across a diagonal crack 9 
the crack widens and propagates further into the com-
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pression zoneo Eventually the flexural compression is 
not sufficient to prevent the crack propagating to the 
compression face of the beam (see figs. 5025 and 5e26)e 
Displacement occurs along the crack and thus the beam 
separateso If the beam is in the post-elastic range 
when this happens 1 this type of failure is regarded 
as the shear-flexural typee 
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CHAPTER 7 
SHEAR BEHAVIOUR OF BEAMS 
7o1 Introduction 
The resistance to applied shear of reinforced 
concrete beams subjected to axial tension has received 
little attention from previous investigat6rs~ The 
recommendations for the shear ~esj_sted by the concrete 
5 40 
in both the ACI Code and the National Building Code 
are based on a series of only 11 beam tests conducted by 
Elstner and Hognestad in 1956 17 • 35 More recently Mattock 
has reported tests on 14 beams without web reinforcement 
subjected to axial tension and then loaded to failure 
in shear., 
The load applied to the test beam~in this project 
produced a sensibly constant axial tension to shear 
force ratio0 Comparisons of diagonal cracking loads are 
made with those predicted by present code recommendations 
and other investigatbrs~o The shear carried by w~b 
reinforcement is studied@ Dowel action is considered 
and it is shown to be an effective means of additional 
shear resistance after yield of the stirrups across a 
diagonal crack .. 
7o2 Shear Behaviour of the Test Beams 
7.2.1 Before Diagonal Crackipg 
Before diagonal cracking in the beams with 
web reinforcement observed stirrup tension was below 
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150 microstrainse The shear carried by each¾ inch 
stirrup was therefore less than 450 lb., hence being 
considered negligible.. Therefore until'. a diagonal .crack 
formed in the web of the test beams all the applied 
shear was resisted by three mechanisms; the concrete 
above flexural cracks,dowel action and aggregate 
interlock action@ It has been shown in chapters 4 and 
5 that displacements along flexural cracks were small 
prior to the formation of a diagonal crack, thus the 
contribution of the latter two mechanisms was smallo 
Consequently before diagonal cracking the concrete above 
flexural cracks carried almost all the applied shearo 
7o2o2 Diagonal Cracking Shear 
There have been several equations proposed 
to predict the diagonal cracking shear of beams 
subjected to axial compression but only four specific-
ally take axial tension into accountQ Table 7 .. 1 
summarises the diagonal cracking load of the test beams 
as predicted by equations proposed by several 
. . 8 10 14 16 35 investigators ? 7 ' ? ' as well as the ACI 
Table 7.1 Comparison of Diagonal Cracking Shears. 
Nominal shear stress at diagonal cr<1cking:- vdc 
I 
'tl 'tl 
rl i:: ,q' 
rl •rl nJ c-- ,-1 
ffl LI) ;:S (Y) rl .µ M 1110 Ill nJ 
i:: I.O ,q' .µ l!1 l!1 
QJ I rl QJ QJ i:: (Y) (Y) .µ 
8 a) nJ 'tl 'tl QJ ~ ~ QJ Beam •rl ,-1 i:: 0 0 ~ u u I-< (Y) 0 u u 0 0 QJ 
QJ •rl i:: .µ .µ s 
0. H .µ l:Jl H QJ .µ .µ ;:S 
X ~ ffl i:: u ~ ffl ,~ rl w z •rl .,: ~ ~ l1l 
( 1) ( 2) ( 3) (4) ( 5 )' (6) 
N1-S0 174 148 52 240 165 68 
N2-SO 207 0 0 246 175 39 
N3-SO 187-194 0 0 232 168 13 
N1-S62 140-178 136 47 233 161 65 
N1-S 32 140-188 136 48 '245 160 62 
N1-S63 149-200 151 53 259 166 73 
N2-S62 131-157 0 0 2'15 169 37 
N2-S32 124.;:.155_ 0 0 248 165 36 
N2-S63 142-178 0 0 235 161 26 
N3-S12,4 130-154 0 0 220 163 20 
(1) For explanation see chapter 6. 
( 2) 1.9./f, + 
C M 
2500pVd 
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( 7. 3) 
( 5} (If flexural cracking shear is zero}(7,4r 
( 6) ( 7 .5 l 
( 7) ( 7.6) 
( 8) ( 7. 7) 
and ac is given by:- a 0 for d~a C 
a 
C 
a - d for a a;;,.d# 2 
a for a a 2 2 ;;a. d C 
( 9) = [120p ~ 4.J l f' ~ + ,f-[.210 - 3.4p - .034~] (7,8) vdc 
2 3 + 2~ t + .85f~ 
1000 
8bd 
N,B. In all the equations N is negative for tension. It is taken as 
N~ rather than the axial tension at diagonal cracking in Eqs, 






















5 37 Code ? the proposed amendment ? and the National 
40 Building Code " The equations are included at the 
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bottom of the tablea It should be noted that Eqso 
(7a6), (7.7) and (7.8) were derived from tests on beams 
subjected to axial compressiono The authors did not 
claim that these equations apply to beams with axial 
tension. They have been included merely to provide 
additional material for comparison with the test 
results., 
The proposed amendmen L {:o the ACI Code provision for 
the shear carried by the concrete in beams subjected to 
axial tension 37 is more conservative than the relevant 
clause in the 1963 Code. This new recommendation has 
been in the Canadian Code since 1965. 
The values given by Eqo (7o3) include the shear at 
theoretical flexural cracki.ng of the beams plus the 
increment of shear between flexural and diagonal crack-
ing given by Eq. (7.4). The test beams all showed 
cracking at very low load intensities as a result of 
shrinkage stresses. Therefore the shear stress 
increment given by Eq., (7o4) has been included in table 
7 .. 1 .. 
From the table it can be seen that the ACI and 
Canadian Code equations 1 and that proposed by Blume et 
al are conservative for all the beams testedo It has 
been shown in chapter 6 that Eqo (7.1) gives good 
275 
correlation with experimentu The more stringent limit-
ation imposed by Eq. (7o1A), especially for beams with 
large axial tension~ makes the ACI Code recommendation 
conservative., 
If it is assumed that the test beams cracked at 
very low loads then the agreement between the observed 
diagonal cracking loads and those predicted by Mattock 
is only slightly on the unsafe side0 If the theoretical 
flexural cracking load is taken into account Eqe (7e3) 
is unconservativee 
The diagonal cracking shears calculated from Eqs. 
(7.6), (7.7) and (708) are all on the unsafe side@ It 
can thus be concluded that these equations developed for 
beams subjected to axial compression are not applicable 
to beams with axial tension0 
702.3 After Diagonal Cracking 
7~2~3~1 Beams Without Web Reinforcement 
When diagonal cracks form in a beam 
without web reinforcement there is considerable dis-
placement along these cracks. Consequently dowel 
action and aggregate interlock action become significant 
mechanisms in resisting the applied shearo Once 
secondary tension cracks (for definition see section 
4.4.3 and Fenwick 18 ) form in the concrete cantilevers 
these two mechanisms cannot sustain significant 
increase in shear 121 44 ~ 
It was found from beams N2-SO and N3-SO that 
significant dowel and aggregate interlock cracks 
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formed immediately at diagonal crackingo In figs. 4014 
and 4Q21 arch action was also shown to develop on 
formation of the first diagonal crack. Fenwick and 
19 
Paulay have shown that perfect beam action and full 
arch action are not compatible so in these two beams 
almost all the applied shear after diagonal cracking 
must have been resisted by dowel action as discussed 
in section 4o5o4 1 and arch action. The diagonal cracks 
were too wide for any appreciable aggregate interlock 
to develop0 
7.2.3.2 Beams With Web Reinforcement 
Where web reinforcement is present it 
reduces the rate of propagation of both the diagonal 
tension cracks and the secondary tension cracks0 If 
increased shear resistance in the beams is afforded by 
aggregate interlock and dowel action when secondary 
tension cracks form 1 the stirrups crossing these cracks 
will be stressede Thus the additional shear resistance 
is primarily supplied by the web reinforcernent0 
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Parts (a) of figs. 7.1 to 7.7 are sketches of the 
beams with web reinforcement showing the position of the 
load lines?the stirrups and the major diagonal cracks. 
Part (b) of each figure shows the shear force· carried by 
the stirrups and other mechanisms across a section formed 
by the diagonal crack and the concrete above the head of 
it. It can be seen from these that once diagonal cracks 
form, iae. 1 the stirrups show significant strains, the 
concrete plus dowel and aggregate interlock action 
carry decreasing shear until yield of the stirrups, and 
then they carry increasing shear againo After yield of 
the stirrups all the additional shear must be taken by 
the intact concrete at the head of the diagonal crack 
and dowel action where the crack crosses the tension 
reinforcement. The crack would be too wide for 
appreciable aggregate interlock to develop. 
The reason for the decreasing shear carried by the 
concrete plus dowel and aggregate interlock action is 
the following. As the load increases on the beam the 
cracks get wider and thus aggregate interlock is 
18 reduced • Dowel action may increase somewhat but the 
shear carried by the concrete at the head of the crack 
is unlikely to increase after diagonal crackingu The 
overall effect is that up to yield of the stirrups the 
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It should be noted that in figs 7e6 (b) it appears 
that the shear carried across crack 1 is greater than the 
applied shear near ultimate load. This indicates that 
separation across this crack is impossible because the 
crack does not form a continuous potential separation 
surface. 
It has been shown in section 4.5.4 that the 
contribution of dowel action to the shear resistance of 
a beam without web reinforcement could be as high as 8 
kips or more0 Fenwick 18 has postulated that up to 20% 
of the total applied shear resisted by beam action in 
beams without stirrups can be attributed to dowel action. 
This figure was derived from tests on beams with onl.y 
one layer of tension reinforcement. Dowel action is 
considerably enhanced where multiple layers of rein-
forcement are used 
12 
The limit to the extent of dowel 
action is the resistance to splitting of the beam at 
the level of the tension steel. 
Where web reinforcement is present the resistance 
to splitting depends on the stirrup size and spacing. 
It has been shown in chapter 2 that dowel action is then 
limited by the flexural strength of the dowel beam and 
by the strength of stirrups on the low moment side of 
the diagonal crack. In parts (b) of figso 7a1 to 7e7 
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dowel action has been included with the shear taken by 
the concrete, except where the diagonal crack is 
obviously extending as a split along the tension steel 
(see figo 7o3 (a) stirrup no. 4)o In a situation such 
as this the stirrup force across the dowel crack at the 
end of the diagonal crack is included in the sum of the 
stirrup forces across the diagonal crack although it is 
producing dowel shear resistancee Unfortunately the 
decision whether a particular stirrup force is included 
in the shear carried by stirrups across a diagonal crack 
is somewhat arbitraryo 
Also in chapter 2 tests were described which 
indicate that dowel action could still exist once the 
tension reinforcement had yielded. The phenomenon is 
referred to as the kink effect. The increased shear 
resistance after yield of the stirrups across a 
potential separation crack is provided by this effect. 
All the beams with web reinforcement showed increased 
shear strength after yield of the stirrupso In figse 
7.1 to 7o7 parts (b) this is seen as the portion of shear 
carried by the concrete etc., at the upper right hand 
corner'of the diagramso At this stage of loading all 
the beams except beams N1-S62 and N2-S62 showed complete 
yield of the tension reinforcement. The order of 
displacements observed along the critical cracks in the 
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test beams was Oe05 inches after yield of the stirrups. 
Once the tension steel had yielded in beams N2-S32j 
N2-S63 and N3-S12,4, the shear carried by the concrete 
and dowel action decreased markedly until the stirrups 
crossing the major diagonal crack had yieldedo This is 
attributed to the loss of aggregate interlock because 
of the widening of the flexural and diagonal cracks once 
yield of the tension reinforcement had set in. Only 
after yield of the stirrups did dowel action increase to 
carry the additional increment of shearo The reason 
this is that the shear carried by the kink effect is 
proportional to the displacement across the diagonal 
crack at the level of the tension steel. This di.sp1ace-
ment increases substantially only after the crack 1.s 
allowed to open because of yield of the stirrups crossing 
itG In the other beams the decrease in shear carried by 
the concrete and dowel action was not no prominent 
because the stirrups had yielded or were near yield when 
the tension reinforcement yielded, thus allowing the kink 
effect to become immediately effective. 
It was shown in chapters 4 and 5 that arch 
action developed in the beams after diagonal cracking. 
Appreciable arch action can only be present after beam 
action has broken down, ioeo, after loss of aggregate 
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interlocko It is therefore likely that only a small 
amount of arch action occurred in the beams with stirrups 
before yield of the tension reinforcement because 
aggregate interlock action was preserved up to this stage@ 
Arch action and dowel action are not incompatible 
because dowel action may be associated with direct shear 
transfer across a potential separation crack. 
In the discussion in this chapter arch action is 
included with the shear resisted by the concrete above 
the head of a diagonal crack. 
7o2.6 Quantitative Evaluation of the Shear Resisted 
by Mechanisms Other Than Stirrup Resistance~ 
in Beams With Web Reinforcement 
After diagonal cracking has been initiated 
it has already been noted that the total shear resisted 
by the concrete plus dowel and aggregate interlock 
action is reduced to a minimum at a load a little less 
than that at yield of the stirrups. If the stirrups do 
not yield until after yield of the tension reinforcement 
there can be no appreciable aggregate interlock because 
the cracks are too wide. 
Therefore at diagonal cracking the shear resisted 
by aggregate interlock may be assumed to be the 
difference of the total shear at diagonal cracking, and 
the shear carried by the concrete and dowel action at 
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yield of the web reinforcemento The shear resisted by 
dowel action at diagonal cracking is estimated from the 
observed displacements along the diagonal crack. The 
dowel shear is then calculated frpm the corresponding 
dowel shear dowel displacement relationships shown in 
chapter 2 and is adjusted for the number of bars 
involvedo The proportion of shear not carried by 
aggregate interlock or dowel action is carried by the 
concrete in the compression zone of the beam above the 
head of the diagonal crack. 
To find the proportion of shear resisted by the 
various mechanisms at yield of the tension reinforcement 
similar calculations were madeo No significant shear 
was assumed to be transferred across the diagonal crack 
by aggregate interlocko The dowel shear is estimated in 
the same way as at the diagonal cracking load~ The shear 
resisted by the stirrups is known and the remaining 
shear is carried by the intact concretee 
At ultimate load of the beams the stirrups shear 
resistance is knowno It is reasonable to assume that as 
the diagonal cracks propagate further in to the 
compression zone of the beams the shear carried by the 
intact concrete above the head of the crack decreases 
somewhat. The rest of the shear not resisted by the 
compression zone concrete or stirrups is carried by 
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kinking of the tension reinforcement@ 
Very little shear is transferred by dowel action 
of the compression reinforcement because there is no 
displacement across the bars until separation of the beam 
takes place along a diagonal cracko At this stage the 
beam failso No dowel action of the compression reinforce-
ment is taken into consideration when calculating the 
shear resistance of the test beams~ 
Fig. 7.8 is a schematic diagram showing the 
approximate shear resisted by the four mechanisms across 
the section formed by the critical diagonal crack and the 
concrete at the head of the crackc The results from 
beams N1-S63, N2-S32 and N3-S12,4 have been averaged to 
produce this figure. These three beams were chosen as 
they were the only ones where all the information was 
readily available. The critical points on the diagram 
are as follows: 
(i) Diagonal cracking at e54V*o 
u 
(ii) Yield of the tension reinforcement0 The 
aggregate interlock is lost so this shear is 
taken by trus~ action and arch action. 
(iii) Yield of the stirrups. All the additional 
shear is carried by dowel action and the 
concrete above the head of the crack. 
1 
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(iv) Ultimate flexural capacityo The shear is 
carried by increased dowel action owing to the 
kink effect. This makes up for the additional 
shear which the stirrups are unable to 
sustain. The shear carried by the concrete is 
likely to be smallo 
The proportion of the total shear resisted by each 
of the four mechanisms contributing to the total shear· 
resistance at the critical load stages are summarised in 
table 7o2. The values in the table were obtained as 
discussed in this section aboveQ 
It should be noted that the examination presented 
in this section is rather approximate and thdt fig. 
7e8 is based on likely behaviour between the critical 
points listed above. It should not be taken as 
quantitatively correcte 
7@2e6.1 The Kink Effect 
No attempt has been made to quantitatively 
calculate the kink effect in the test beams except by 
the difference of the total applied shear and the 
shear attributed to the stirrups and uncracked concrete 
near failure of the beamso From observations of the 
photographs of the beams near failure the kinked length 
of the tension reinforcement cannot be determined 
accurately enough to obtain reliable dowel shearso 
Table 7.2 Shear Across the Major Diagonal Crack Resisted by Vaxious 
Mechanisms in Beams N1-S63, N2-S32, and N3-S12 34 
At Yield of the Tension At Yield of the Web At Ultimate Flexural I 
At Diagonal Cracking 
· Reinforcement Reinforcement Capacity 
'O (!),!4 'O Q),.\<l 'O (!),!,al 'O (!),.14 
<ll<ll .PO CJl Q)Q) .PO CJl (!)Ql .;.>Q tr.I Q)Q) -1"0 CJl 
,.14.µ aio p. ,.14.µ aio o.. .!4.P aio p. ..\4.P coo P.. 
o a> A !iO ,-; ::S o a:, .:I bO ,....; ::S o a> A bO ,-; ;:j o ill A l::.D ,-; ::S 
alH riO <llH H alf.< riO G>>< >-< ro;., riO Ql>-< H ale-1 r-10 Ql,--1 H 
HO Ql•rl f.<C!l H HO a>-rl f.<a> H HO «>·rl Ha> H HO a>.,; ,--1<!) H 
o A Si:.µ bD.P .,; o,::: ;:: .µ bD../-" .,.; o A ,: .P bD.P ·rl o A !:: .P bO+> ·rl 
QO 00 blls:l +:> .C::O 00 bOI':: .µ AO 00 bOQ .P AO 00 bOA.;., 
:::>O A< <H CQ :::>o A< <H CQ 00 A< <H cJ:l PO A< <H Cf.l 
N1-S63 
% 57 13 30 4 32 64- 66 4 32 64-
Shear (kips) 11.B 2.7 6.2 1.8 14.1 1 28.2 31.4 2.0 15.8 31.4 
N2-S32 
% 36 6 58 34 22 44 81 10 15 75 
Shear (kips) 5.9 1.0 9°6 10.8 7.0 1 13.9 29.5 3.9 5.9 29.5 
N3-S12,4 
% 53 14 33 6 59 35 62 5 43 52 
-Shear (kips) 8.4- 2.2 5.2 1.,5 14.8 8.8 1 17.1 1.6 14.1 17.1 
Average 





Referring to table 702 it can be seen that dowel 
shears of up to 16 kips must be produced by the kink 
effect at failure of the beams. For a kinked length 
of 2 inches this would be provided at a displacement 
along the failure diagonal crack of 0.05 inches. Dis-
placements of this order were observed in the beams0 
702e7 Behaviour of Web Reinforcement 
7.2e7o1 Effect of piagonal Compressio0 at 
the Section of Maximum Moment 
In all seven beams the stirrup 
nearest the critical flexural section was observed to be 
in compression over a portion of its length at all load 
intensi.tiesu ThJ.s was caused by diagonal compression ir1 
this section of the beams~ As can be seen in fige 304 
the transverse reaction on the bottom end block of the 
beam is provided by the stirrup bolted to the bottom 
loading framee The bearing of this stirrup produces 
high transverse compression in the end block adjacent 
to the critical flexural section of the test lengths 
In turn this produces transverse compression at the 
critical flexural sectione This is confirmed by the 
observed transverse compression shown in figs. 5.14j 
5037 and 5.54. 
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7.2.7.2 Interpretation of the ACI Code 5 
The ACI Code implies in section 1702 that 
at yield of the stirrups the concrete sustains shear 
equal to the applied shear at diagonal crackinge However 
it does not claim that between diagonal cracking and 
yield of the stirrups the stirrup strains vary linearlyo 
For the purposes of comparison in this thesis it is 
convenient to make this assumptione 
7.2.7.3 Stirrup Behaviour 
Stirrup strain applied shear relationships 
for the stirrups in beams N1-S62 and N2-S63 are shown in 
figs0 7.9 and 7o10 respectivelyo These are typical 
examples of the relationships for all the beams testeda 
The observations on the gauge length on each stirrup 
crossed by the critical separation diagonal cracks have 
been drawn as heavier lines than the other observationsa 
The assumed ACI Code recommendations are shown as the 
broken lines in the figures. For the N2 - series beams 
and beam N3~S12,4 no shear is allowed to be carried by 
the concrete according to the ACI CodeD Also shown in 
fig. 7o10 are the calculated stirrup strains based on 
a diagonal cracking load predicted by Eq. (6.2), ioee, 
ACI Code Equation (17.2). 
It can be seen from the two figures that once 
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increase at approximately the same rate as the broken 
lines representing the assumed stirrup strains. As 
pointed out previously the strains increase more rapidly 
when the flexural yield of the tension reinforcement is 
reached (see fig. 7010). This is due to increased dowel 
and truss action because of the loss of aggregate inter-
lock when the cracks open. The most rapid increase is 
in gauge length no0 3 which indicates that part of the 
cause is dowel actiono 
The load strain characteristics of the stirrups 
crossed by the major diagonal crack in some of the test 
beams are shown in figs. 7o11 to 7.15. Only the strain 
in the critical gauge length in each stirrup is consider-
ede As in figs. 709 and 7.10 the load strain relation-
ship from the assumed ACI recommendations are shown by 
the broken linese In all cases the stirrups that cross 
the criticill crack below middepth of the beam are 
stressed before those nearer the section of maximum 
momenta This is because the rate of propagation of the 
diagonal crack is reduced by the presence of stirrups 
and thus the crack does not cross the stirrups near the 
critical flexural section for some time after diagonal 
crackingo This is most noticable in beams N1-S32 and 
N2-S32 thus indicating the advantage of closely spaced 
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The total shear carried by the stirrups crossing 
a diagonal crack was shown in figs. 7o1 to 7a7 parts 
(b)o The relationship assumed from the ACI Code (see 
section 7s2o7o2 above) was shown by a broken linee It 
should be noted that the assumed relationships are 
based on the actual cracks in the test beams and not a 
45 0 k crac o Consequently the calculated yield load on 
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the stirrups across the separation cracks is equal to 
the observed maximum shear force carried by the stirrups 
in a test beam. 
As was discussed in section 7a2.3.2 dowel and 
aggregate interlock action can be attributed to stirrup 
resistance after secondary tension cracking has 
developedo Figs. 7.2 (b) and 7.6 (b) illustrate this, 
in particular with reference to dowel action. In figs. 
7.2 (b) it can be seen that crack 1 passes across 
stirrups 3 and 4 at the level of the tension reinforcement. 
The action of these two stirrups is to increase the 
dowel shear capable of being resisted by the tension 
steel rather than to transfer direct tension across the 
diagonal crack. Similar reasoning applies to stirrup 
7Q3 Shear Strength of the Test Beams as Compared to 
ACI Recommendations 
The philosopy of ultimate design of reinforced 
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concrete beams is based on the desirability of a ductile 
flexural failure rather than a brittle shear failuree 
Therefore, to avoid a shear failure, there must be 
sufficient shear resistance including web reinforcement 
to resist the applied shear at ultimate flexural capacity® 
The AC[ Code recommends that a certain shear can be 
resisted by the concrete and the remainder must be 
resisted by web reinforcemento The potential failure 
diagonal crack in design is assumed to form at 45° to the 
longitudinal axis of the member© 
Table 7@3 gives the recommended shear that can be 
carried by the test beams according to the ACI Codee 
It can be seen from column 5 that beam N1-S63 was the 
only beam which was adequately reinforced against a 
shear failureo However, as has already been noted, all 
the beams with web reinforcement except N1-S62 attained 
their ultimate flexural capacity based on the Whitney 
stress block .. It should be noted that the ACI 
recommendations given in column 3 are based on a crack 
inclined at 45° 1 although the critical diagonal cracks 
which formed in the test beams were inclined at a less 
steep angle to the longitudinal axis. 
Column 6 of table 7.3 gives the ratio of the 
observed shear at failure of the test beams to the 
ultimate shear,, as recommended by the ACI Code 7 
presented in column 4 .. The ACI recommendations are 
Table 7.3 ACI Code Shear Recommenda.tions for the Test Beams 
Allowable shear force in 
accordance with ACI recommendations 
,. 
' 
V = V + V .. Vu kips Ve kips Vs kips U C S Vu/Vu 
Beam kips 
1 2 3 4· 5 
N1-SO 45.25 17.8 0 17.8 0.39 
N2-S0 36.80 0 0 0 0 
N3-SO · 26.90 0 0 0 0 
N1-S62 46.75 16.3 12.3 28.6 0.61 
N1-S32 43.75 16.3 24.7 41 .o 0.94 
N1-S63 44.10 18.1 26.2 44 •. 3 1.00 
N2-S62 33.95 0 12.4 12 .4- 0.37 
N2-S32- 31.65 0 24.8 24.8 0.78 
N2-S63 34.90 0 26.2 26.2 0.75 
N3-S1~4 25.10 0 21.7 21.7 0.86 
1. Shear at Whitney ultimate flexural capacity. 
2. Shear carried by concrete as recommended by ACI 318-63. 
3. Shear arrived by stirrups based on a 45° crack as recommended by ACI 318-63. 
4. Ultimate allowable shear as recommended by .ACI 318-63. 
















conservative for all the beams. 
7.4 Propagation_of Diagonal Cracks in Reinforced Concrete 
Beams Subject~? to Axial Tension 
The stresses at the head of a crack in a reinforced 
concrete beam are likely to be responsible for the 
propagation of that cracko In beams both with or without 
applied axial tension these stresses are similar. 
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MacGregor and Hanson have shown that for equal applied 
bending moment the cracks in beams subjected to axial 
tension penetrate deaper into the section than in beams 
with no axial tension. Because the stresses for equal 
angle of crack propagation are therefore closer to the 
compression face in beams with axial tension it is 
reasonable to expect diagonal cracks to be more,steeply 
inclined in beams with axial tension than in beams without. 
It can be seen from the photographs in chapters 4 
and 5 that the crack patterns in the beams tested in 
this project are little different from those of beams 
tested with no axial tension 32 0 This is not surprising 
since the difference in height of the flexural cracks 
in both of the MacGregor and Hanson beams with and 
without axial tension were of the order of 5% of the 
beam deptho 
302 
The cracks at the low moment end of the test beams 
were much flatter than 45° to the longitudinal axiso 
that the centre of compression force in the beams in 
this region was further down the beam section than 
would be expected from normal flexural behaviouro Thus 
the stress condition at the heads of the cracks would 
lead to a flat crack as was observed in the testso 
At a point of contraflexure in a beam there is no 
flexural compression across the whole beam section and 
consequently if the tension applied to the beam is 
sufficient to crack the concrete the diagonal cracks 
can become very steepo The tests carried out by Elstner 
17 
and Hognestad show thiso More investivation of this 
area of the problem is required. 
7.5 Conclusions 
The shear that is carried by the concrete is 
5 
conservatively estimated by both the ACI Code and the 
National Building Code 4 0Q If the test beams are 
assumed to be cracked (shrinkage cracks) at zero load 1 
Mattock 35 predicts the diagonal cracking shear on 
the beams successfully. Within the range of the 
experiments the amount of axial tension applied to the 
test beams does not substantially effect the diagonal 
cracking load or crack inclinationo 
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In beams with web reinforcement, once diagonal 
cracks have formed, the shear resisted by the concrete 
plus dowel and aggregate interlock action decreaseso The 
additional applied shear across the potential failure 
section formed by the diagonal crack and the intact 
concrete at the head of the crack is carried by the 
stirrups. At yield of the tension reinforcement 
aggregate interlock is lost and the shear carried by 
this mechanism is redistributed. After yield of both 
the tension steel and the stirrups all additional shear 
resistance is provided by dowel action and the intact 
concrete at the head of the cracko The dowel action 
is limited by the capacity of the stirrups on the low 
moment side of where the diagonal crack intersects the 
tension reinforcemente 
The stirrup spacing in the beams is important. 
The possibility of a diagonal crack crossing fewer 
stirrups than required to provide adequate shear 
resistance, although the crack is at a flatter angle 
than 45°, increases with increasing stirrup spacing@ 
An example of this is provided by beam N3-S12,4o 
Although the beam did not fail in shear only one 
stirrup crossed the critical diagonal crack where 1 in 
fact, one and one quarter stirrups were required for 
the designed shear protectiono The crack was inclined 
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0 
at an angle of less than 45 Q Closely spaced stirrups 
decrease the rate of propagation of diagonal cracksQ 
CHAPTER 8 
A THEORETICAL STUDY OF STIFFNESS AND A 
COMPARISON WITH EXPERIMENTS 
8.1 Introduction 
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Two theoretical models will now be developed@ One 
is used to predict the tension reinforcement strain dis-
tribution along the test beams taking account of 
diagonal cracking and the forces acting across these 
crackso The other is an extension of this to enable the 
total deflections of the beams to be calculated including 
the shear deflections resulting from diagonal cracking 
and consequent truss action. Observed and theoretical 
tension reinforcement strain distributions and beam 
deflections will be comparedo 
802 Tension Reinforcement Strain Distributions 
The conventional elastic analysis of a cracked 
beam subjected to moment and axial tension is summarised 
in appendix C. The analysis is not applicable after 
diagonal cracking, except at the critical flexural 
region, because it does not consider the redistribution 
of forces in the portion of a beam containing diagonal 
cracks. The critical flexural region of a beam is not 
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crossed by diagonal cracks and hence the analysis is 
applicable at this particular section. It was 
considered necessary to develop a model which could be 
used to predict the tension reinforcement strains in the 
test beams once diagonal cracking has commenced. 
802.1 The Model 
After study of the crack patterns in nine of 
the ten beams tested, the general crack pattern shown in 
fig. 8.1 (a) is preposed. Beam N1-SO was excluded from 
consideration as it failed at its diagonal cracking loads 
The cracks that cross the tension reinforcement over the 
length 1 1 radiate from the compression corner of the 
critical section AA'. Those that cross the tension 
steel over the length 1 2 are all assumed to be parallel 
to the crack labelled BG 
8e202 Forces Across the Diagonal Cracks 
A typical section across a beam with all 
the known forces acting on it is sketched in fig. 8$1 
(b)$ For the purposes of this analysis the beam is 
considered to be built in at section AA' rather than 1 
inch below this section (see fig. 5.13). The internal 
forces at the section are: 









Fig. 8 .1 Model Cracked Beam 
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(ii) shear transferred by the compression zone 
concrete V , and compression reinforcement cs 
dowel action Vdo' 
(iii) the tension reinforcement force T, at a 
X 
distance x from section AA', 
(iv) the dowel shear Vdx' of the tension reinforce-
ment 
( V) aggregate interlock forces v. across the 
ai 
diagonal crack, 
(vi) stirrup force per unit length p , along the 
s 
axis of the beam, and 
(vii) dowel forces across the stirrupso These have 
been ignored as it is believed that they are 
negligible., 
The line of action of the aggregate interlock forces 
is assumed to pass through the centre of the compression 
force at section AA'.. For a crack that is apprdxilrf!_ately 
straight this is a close approxi.mation to the actual 
conditions in the test beams. 
The dowel shear of the tension reinforcement is 
assumed to vary linearly from zero a section AA' to a 
maximum Vd? at a distance 1 1 along the tension steel, 
and from there on to remain constant .. This is based on 
observed displacements across the cracks in the test 
beams (see fig .. 4.12)e The maximum is taken as a 
given percentage Tld 7 of the total applied shear Va 
X 
vdx = - rJ v 1 1 d 
where V dx ~ ri d V 0 
The total shear taken by the stirrups across a 
potential separation section as shown in fig. 8.1 (b) 
is V , which is a proportion Tl of the total applied s s 
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( 8" 1) 
shear. Vs is assumed to be zero at the diagonal cracking 
shear Vdc 1 and to equal the additional applied shear 
after diagonal cracking., 
Vs= V - V de 
This relationship is based on the stirrup shear 
( 8 0 2) 
applied shear relationships for the beams (see figs. 7.1 
to 7 .. 7)., V is calculated across the last crack in span 
s 
1 1 (see crack labelled Bin fig. 8.1 (a) )a Fig. 802 
shows a schematic diagram of the shear carried by the 
various mechanisms across this crack at an applied she~r 
v .. 
Discreet stirrup forces across the diagonal cracks 
are replaced by a continuous constant stirrup force per 
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Fig. 8. 3 Tension Reinforcement Strains in Beam N2 -SO 
The entire length of the stirrups are assumed to be 
uniformly stressed. 
8.2.3 The Analysis 
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Referring to fig. 8.1 (b) and taking moments 
about the centre of the compression force at section 
AA': 
From Eqs. (8.1) (8.2) and (8.3) the tension force along 
the reinforcement is given by 
T = N(~ + 1) -(x2 x z zl 1 V ( 11 d + f) - V ~c, ( 8 .. 5) 
From Eqs. ( 8. 2 ) , ( 8. 3) and ( 8. 4) 
A f 1 1 
V _,,,, Vy =::::: s + vdc 
( 8 .. 6) 
Eq. (8.5) is valid provided the applied shear does 
not produce yield stresses in the stirrupso If Vis 
greater than the maximum value given by Eq. (8~6), V 
in Eq .. (8.5) is replaced by the maximum value given by 
Eqs (8.6). The reason for this is that the last term in 
Eq. (8.5) represents the flexural resistance at a 
section provided by the stirrups and dowel action. Once 
the stirrups have yielded they can provide no additional 
contribution to the flexural resistance of the member. 
With the aid of fig. 8.1 (a) the analysis m?y be 
extended. The forces across the diagonal crack marked 
Bare assumed to be the same as across all the other 
cracks parallel to it. Hence the moment about the 
centre of the compression force at a section formed by 
any one of these parallel cracks is resisted by the 
tension reinforcement where the crack crosses the 
reinforcement, and a constant moment produced by the 
stirrup forces and dowel shear. Therefore the tension 
steel strain distribution has the same slope as the 
applied bending moment diagram but is displaced along 
the beam because of the effect of diagonal cracking. 
The strain past the point where the crack marked B 
crosses the tension steel reduces at the same rate as 
the bending moment diagram. 
8m2.4 f_£mparison With Test Results 
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For each of the beams tested the length 1 1 
(see fig. 8.1 (a) ) was determined from observations of 
photographs of the beams at high load intensities® T 
X 
derived from Eq. (8.5) is compared with measured values 
from selected beams in figs. 8.3 and 8.4. Steel strains 
have been plotted rather than forceso The derived 
strain distribution for two values of~ dare presented 
to indicate the variation caused by different proport-
ions of total shear resisted by dowel action. The strain 
distributions over the lengths 1 2 of the beams are also 
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Fig. 8.4 Tension Reinforcement Strains in 
Selected Beams With Stirrups 
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reinforcement strains calculated on a conventional crack-
ed elastic section. 
The agreement between the strains calculated using 
the model presented in fig. 8c1 (a), and the observed 
values is goodo The influence of dowel shear is seen to 
be relatively small when it is appreciated that the two 
theoretical distributions plotted in figso 8.3 and 8.4 
are for O and 40% of the total shear being resisted by 
dowel action. 
803 Flexural Deflections of Beams 
The tension reinforcement strains derived from 
analysis of the model beam shown in fig. 8.1 can be 
used to find flexural deflections of the test beamss 
Equivalent curvatures? as defined in chapter 4 1 can be 
found provided that either the compression reinforcement 
strains or the depths of the equivalent neutral axis is 
known0 These equivalent curvatures may then be used to 
calculate the flexural deflectionso 
803e1 Equivalent Neutral Axis 
In reinforced concrete beams the neutral 
axis or line of zero flexural stress is difficult to 
find because it varies in height depending on the 
presence of cracks. Once diagonal cracks have formed 
truss and arch action develop and consequently the 
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term neutral axis becomes meaningless. To find the 
flexural deflections of the test beams from the 
theoretically derived tension reinforcement strains use 
can be made of the equivalent neutral axis., This is 
found from analysis of the. <r:Qnventional cracked elastic 
section (see appendix Co) 
8.3.2 Predicting Flexural Deflections 
The equivalent curvature for each unit 
length of a beam is found from the relationship 
( 8. 7) 
These were summed along the 40 inch test length of the 
beam 1 as described in chapter 3, to give the theoretical 
flexural deflection 
40 
b. flex = 1 z· + 2 q>e 
r=1 r 
40 
.Z ( 41 
r=2 
8e4 Shear Deflection of Beams With Web Reinforcement 
( 8 .. 8) 
Once diagonal cracks have formed in a reinforced 
concrete beam with web reinforcement the stirrups form 
a truss mechanism to resist some of the applied shear. 
This truss mechanism consists of diagonal compression 
members formed by the concrete between adjacent diagonal 
cracks, and tension members consisting of the web rein~ 
forcement. The top and bottom chords of the truss are 
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the compression zone of the beam and the tension rein-
forcement respectively. 
By calculating the deformations of the web members 
of the analogous truss the shear deflection of the 
diagonally cracked beams may be estimated. If there is 
arch action or any other mechanism of shear resistance 
in the beam it is only necessary to know the shear 
resisted by any one of these mechanisms to be able to 
find the total shear deflection of the beam. This 
follows from compatibility of all the mechanisms of 
shear resistance. The deflections calculated from each 
mechanism must be equal@ 
As the shear carried by the stirrups in the test 
beams is known the theoretical shear deflections are to 
be found from the analogous truss. 
8s401 The Analogous Truss 
The analogous truss i.s shown in fige BeS (a). 
It has been derived from the model crack pattern shown 
in fig. 8s1 (a). In the idealised truss there are 
several (three) paths by which the shear applied at C 
can be transferred to Ac No matter which way the shear 
is divided between the various paths the deflections at 
C calculated from each path must be equal0 
Therefore the method of calculating the truss 
deflection is a trial and error type of solution. 
I 
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Fig. 8. 5 The Analogous Truss 
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Arbitrary shears are assigned to each path through the 
truss so that the sum of these shears equals the total 
applied shear. The deflections of the truss at Care 
then calculated for each path and comparede Adjustments 
are made to the arbitrarily chosen shears so that the 
truss deflections from each path are equal. 
Further assumptions made to enable the truss 
mechanism to be solved are: 
(i) The stirrups are uniformly stressed over their 
entire length0 
(ii) There is no shear transfer between the 
compression struts by aggregate interlock or 
dowel action .. 
(iii) The crack spacing at the level of the tension 
reinforcement is uniform. 
In the analogous truss shown in fig. 8.5 (a) there 
are three paths by which the shear applied at C i 9 
transferred to A., These are denoted by Aao .a"" 1 
Ab$.b'"' and Acuc"" The crack spacings' is given by 
s' "' 11/ 3 ( 8,, 9) 
The stirrups in the test beams can be replaced by 
equivalent stirrups spaced at s'. The cross sectional 





( 8" 10) 
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Depending on the relative lengths of 1 1 and 1 2 , and on 
s', one or two stirrups may be required along the paths 
through the trusse 
The condition imposed by Eq. (8.9) merely effects 
the accuracy of the results" If more struts are taken 
radiating from A little refinement of the results is 
obtained and this refinement is not warranted because of 
other assumptions made. Three struts were originally 
chosen because this was the most representative number 
of struts observed in the test beams. 
80401 • 1 Deformation of Individual Members 
Deflection of the whole truss is the sum 
of deformations of three types of memberso A represent-
ative example of each :Ls Ac, cc' and c 9 c 11 o 
The tapered concrete strut Ac is shown in fig. 8.5 
(b)o Let the proportion of the shear carried by the path 
Acc'c" be Vsc• The component along the tapered strut 
centre line is 
ld 
p = -v d SC 
It can be shown that the shortening of this concrete 
strut over the length from lx told under the applied 
load Pis 
(8 .. 11) 
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The cross sectional area of the strut at c is: 
From Eqso(8e9) and (8.11) and putting Pin terms of V 9 
SC 
the transverse deflection at C is: 
311V SC (1~ =----log -
E 1 bd 3 l 
C 1 
/::, C 
The deflection at C attributed to stirrup extension, 
shown in fig. 8.5 (c), 
V d 
SC 
E A t. s = s ev 




is given by: 
( 8 .. 12) 
(8 .. 13) 
If the extension of two stirrups is involved the deflection 
would be double that given by Eq. (8.13), i.e., if 




11 = s EA 1 1 S V 
( 8 .. 14) 
The deformation of the truss mechanism from the 
contribution of the concrete strut c'c" is shown in fig. 
8.5 (d)a The component of load along the strut centre 
line is 
1 
P' = -V d SC 
where 1 - ,{"l 2 + ct 2 - 1 
The cross sectional area is 
s'db 
-1-
The length of the strut is given by 
l' = 1' l 
d c 11 
where l' = (1 1 + 1 ) - 1 C 2 C 
The shortening of the strut is 
P'l'l 




The def1ection due to the shortening of the strut after 
substitution for P' 1 ld ands' 1 is given by 
l,. ' C 
= 
3V 141 1 
SC C 
E 1 2bct 3 
C 1 
(8.,17) 
The total deflection of the truss mechanism Acc 1 c 11 
is found from Eqs., (8012)? (8013) or (8014)? and (8a17) 
thus 
( 8 .. 18) 
To find A from Eq,. (8~12) the value of 1 (see fig., 
C X 
8.5 (b) ) must be known. It cannot be equal to zero0 
* From study of the photographs of the beams when diagonaL 
cracking was well developed a representative value of 
1 inch was taken for, 1 , ioeo, there was negligible 
X 
diagonal compression within a 1 inch radius of the 
reentry corner Ae This can be justified by the assumpt-
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ion that the compression in the concrete struts 
converging at A is carried to the end block of the 
beam by the compression reinforcement and surrounding 
compression zone concrete. This would be stiff enough 
to support the diagonal compression from the struts~ 
8o4c2 Comparison of Calculated and Derived 
Stirrup Extensions 
Observed stirrup extension over 12 inches 
of the stirrups in beam N1-S63 at e858 P* are shown in u 
fig. 8060 Also shown are the calculated extensions in 
the equivalent stirrups derived from the theory 
discussed in section 8u4.1. The load used was 90% of 
theoretical yield load which is approximately equal to 
0858 P*o As can be seen in the figure the agreement i.s 
u 
only fair. This is attributed to the assumption of the 
proportion of shear taken by the stirrups after diagonal 
cracking (see Eqo (8.2) and compare with figse 7o1 to 
707 parts (b) )e However 1 the general shapes of the 
two distributions are not too different except fqr the 
sharp rise obtained from theory at the right hand end 
of the diagram. The small observed stirrup extension 
in this region is due to the diagonal cracks having not 
propagated right to the critical section of the beam. 
Included in fig. 806 is the beam expansion over 
89% of the total depth. The difference between the 
0·04--------~--------
expansion measured over 89¾ of the 
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Fig. 8. 7 Idealised Load - Deflection Relationship 
of Reinforced Concrete Members 
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expansions measured on the stirrups and the total 
expansion is attributed to stirrup anchorage slip. 
This is discussed in section 8.7@4o 
8.5 Member Stiffness 
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Before the member stiffness of a beam as it is used 
in this chapter is defined it is convenient to consider 
linear elastic behaviouro A series of idealised load 
deflection curves are shown in fig. 8e7o Line OAB is a 
bilinear relationship. The branch OA of the curve 
represents linear elastic behaviour. If the load is 
taken up to point A and then reduced to zero the beam 
deflection would follow the same path back to Oo 
The idealised load deflection curve for a reinforced 
concrete member is the curve OCDEBe The four straight 
portions represent: 




no cracking, OC 
flexural cracking 1 CD 
diagonal cracking, DE and 
yield of the longitudinal reinforcement, EBo 
If the load is reduced to zero from a point such as F 
the load deflection curve follows the line FG to zero 
loado The deflection OG is referred to as permanent 
set. This is caused by irreversible elastic deformat-
ion in the concrete, anchorage slip in longitudinal 
steel and web reinforcement, and cracks not closing. 
325 
If the load is increased again from the point G the load 
deflection curve follows the path GFEB. It should be 
noted that this discussion is very artificial. 
The term "member stiffness" as it is used in this 
chapter is defined as; the oblique load required to 
produce unit deflection at the assumed free end of the 
40 inch long cantilever if the load deflection relation-
ship is assumed linear and passes through the origin0 
The member stiffness at load PF is the slope of the 
linear load deflection relationship OF. 
The definition does not take the permanent set OG 
into account as this is not known at any particular load$ 
8.5.1 Types of Member Stiffness 
In the deflection of beams subjected to 
flexure and shear there are two types of member stiffnesses 
involved& These are: 
(i) Flexural member stiffness. This refers 
to deflections resulting from flexural stresses 
only. These stresses give rise to curvatures 
which when summed along a finite length of 
beam produce a deflection of one end with 
respect to the tangent at the other end of the 
beam length. 
(ii) Shear member stiffness arising from shear 
deformations in the web of a member. Shear 
deflections do not result from rotations but 
rather from relative length changes in web 
members. 
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The total member stiffness of a beam is not the sum of two 
stiffnesses, but rather the reciprocal of the sum of the 
reciprocals of the flexural and shear stiffnessesQ 
8.6 Theoretical Beam Deflections 
The theoretical deflections of th~ test beams are 
calculated at the following three stages of crack 
development: 
(i) uncracked 
(ii) flexurally cracked 
(iii) diagonally cracked 
It should be noted that there is no clear demarcation 
between flexural and diagonal cracking in the shear 
span of a reinforced concrete beam. For the purposes 
of this discussion, however, flexural cracks are 
assumed to propagate normal to the longitudinal axis 
of the beam, i0e~, they do not influence the stresses at 
any other section than the one which contains the 
flexural cracko On the other hand diagonal cracks do 
influence the stresses over a significant length of the 
beam as shown in section 8.2. 
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8.6.1 The Uncracked Beam 
When finding the theoretical deflection of 
the uncracked beams both flexural and shear deformations 
were considered. For the flexural deformations the 
following assumptions were made: 
(i) Plane sections before bending remained plane 
after bendingo 
(ii) The modulus of elasticity of the reinforcement 
was 29 x 10 6 lb/in2 • 
(iii) The modulus of elasticity of the concrete was 
the 50% secant modulus measured on a 6" x 12" 
cylinder" 
(iv) The effective moment of inertia was that of the 
transformed concrete section. 
The assumptions made to find the shear deformation 
of the test beams were: 
(i) The built in end of the cantilever was free 
to deform .. 
(ii) Poissons ratio of concrete is 0.180 
(iii) The effect of the reinforcement on the shear 
stress distribution was ignored. 
806.2 The Flexurally Cracked Beam 
Only theoretical flexural deflections 
were found for beams with flexural crackso Two 
assumptions used in the calculation of the flexural 
deflections were: 
(i) Plane sections before bending remain plane 
after bending. 
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(ii) The concrete does not sustain tensile stresses 
caused by bendinge 
The first assumption ignores the effect of diagonal 
cracking. The second assumption enables the curvatures 
of the sections to be calculated directly from the 
tension reinforcement strains and the neutral axis 
heights found from the conventional elastic analypis 
summarised in appendix c. These curvatures are summed 
by the method discussed in chapter 3 to give the 
flexural deflections of the flexurally cracked beams0 
It should be noted that the beams were cracked over 
their entire lengthse 
Several methods of calculating flexural deflections 
4 in reinforced beams have been proposed One of these 
50 
due to Yu and Winter involves using a modified second 




where I = second moment of area of the cracked trans-
er 
formed section at the maximum moment section 
2. 




k being found at the section of maximum moment 
M = maximum moment in the beam under working max 
load .. 
calculated using Ieff 
apparent that the beam deflection 
is less than it would be if I 
er 
is used. Because of the effect of the eccentricity 
of the axial load in the test beams the effective 
second moment of area decreases away from the section of 
maximum moment. Thus the test beams deflect more than 
if the deflection was calculated using I • It will b~ 
er 
shown in section 8$7.2 that the flexural deflections of 
the test beams were even greater than calculated using 
the second moment of area of the cracked beam at each 
section as discussed at the beginning of this section. 
Therefore Ieff given by Eq. (8.19), and similar such 
4 
relationships 7 is not suitable for beams subjected to 
axial tension as well as flexure. 
8 .. 603 £l:agonally Cracked Beam 
The deflections of the diagonally cracked 
beams are calculated from the theory developed in 
sections 8 .. 3 and 8.4. From Eqs. (8e8) and (8.18) the 
total theoretical deflection from flexure and shear 
deformations can be found for the test beams with web 
reinforcement .. 
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8.7 Comparison of Theoretical and Observed Deflections 
807.1 The Uncracked Beams 
Deflection measurements were made on only 
three beams at sufficiently low load intensities to 
enable the deflections of the uncracked beams to be 
observedo These load deflection relationships have been 
plotted in figso 5~19 (b), 5.40 (b) and 5056 (b)o From 
the three figures it can be seen that at very low load 
intensities the beams were less stiff than theoretically 
predicted. As was discussed in chapter 3 shrinkage 
cracking is the cause of this. 
8e7.2 Flexural Deflections of Flexurally and 
Diagonally Cracked Beams 
The observed flexural deflections of the 
test beams have been found from equivalent curvatures 
derived from measured longitudinal reinforcement strains@ 
These are shown by the dashed lines in the respective load 
deflection relationships shown in chapters 4 and 5. Also 
shown are the theoretical deflections of the flexurally 
cracked beams. The agreement for all the beams is seen 
to be very good even when the beams are close to yield. 
The theoretical flexural deflections are always less 
than those observed in the tests because of the influence 
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of diagonal cracking on the strains in the tension reinforce-
ment. 
Fig. 8@8.gives the observed and conventional 
theoretical flexural member stiffnesses of the beams 
with web reinforcement at 90% of their theoretical yield 
loads. Also shown are the theoretical flexural member 
stiffnesses based on the diagonally cracked model beam 
at the same load intensity. Fair agreement is obtained 
between the observed and the theoretical flexural member 
stiffnesses of the diagonally cracked beams. The 
discrepancies are due to the assumed equivalent neutral 
axis in the model beam after diagonal cracking. The 
observed equivalent curvatures in the low moment end of 
the cantilevers were smaller than those theoretic~lly 
derived. 
The observed flexural member stiffnesses are seen to 
vary between 56% and 68% of the member stiffness of the 
corresponding uncracked beam* 
80703 Total Member Stiffness of Diagonally Cracked 
Beams 
The theoretical member stiffnesses of all 
but one of the diagonally cracked beams with web rein-
forcement were calculated at 90% of their theoretical 
yield loads. These member stiffnesses, along with the 
observed member stiffnesses at the corresponding load 
Symbol State of Theory or 
cracking observed 
- uncracked theory 
-- flexural theory 
~ diagonal theory 
----- observed 
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intensity are presented in fig. 8.8. It can be seen 
that the agreement between theory and experiment is not 
very good. In all cases the measured member stiffnesses 
being less than those predicted by the theory developed 
in this chapter. The reason for this is believed to be 
slip at the anchorage of the stirrups. This will be 
discussed in the next sectiona 
The observed member stiffnesses of all the beams 
with web reinforcementlie between 29 and 36% of that of 
the corresponding uncracked beam~ Near yield approxim-
ately half of the total deflection is due to shear 
deformation in the webs of the beams~ 
C t . J d 1·1 t. th . 4 f ' t· d onven-~1.ona .. e·: ec -i.on eorJ..es or re1.n . orce 
concrete flexural members do not take account of shear 
deformations. As the span to depth ratio in a beam 
becomes smaller the discrepancy between these theories 
and observation becomes more pronounced. This is because 
shear deflections vary approximately linearly with span 
whereas flexural deflections vary with the cube of the 
span .. 
8" 7,. 4 Slip of StirrUES 
36 
Mayer in 1967 qualitatively discussed 
the slip of stirrup hooks and the resulting transverse 
expansion. He proposed that the stiffness of the 
reinforcing cage in a beam depends on the bond properties 
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of the stirrups used. 
A quantitative assessment of the anchorage slip in 
reinforcement bars is in progress at the Technische 
7 Hochschule Munchen, Germany o Tests carried out by 
H. H. Muller were designed to investigate useable 
anchorages associated with tolerable slip in reinforce-
ment, rather than anchorages to develop the ultimate 
strength of the barse Tolerable slip at service load 
is a design criterion of anchorage because of the crack 
widths associated with the slipo In this project slip 
of 0@3 mm was considered the maximum acceptable. This 
gives a crack width of approximately 0o01 inches. 
The tests included the position of the bars and 
anchorage hooks with respect to the direction of place-
ment of the concrete. The observations made included 
the load deflection relationship of the anchorage. Figo 
8e9 (a) shows a typical test set up and part (b) shows 
a typical load deflection relationship for a test. 
The relationship between stress and concrete cube 
strength for a slip of e1 mm for 180 degree hooks was 
approximated by: 
f = k f (8.20) 
s s cu 
The values of the constant k are summarised in table 
s 
8.1. These values include 95% of the experimental 
results. 
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Table 8.1 Values of k -------------S 
Plain Deformed 
Bottom hooks J C-. 1.70 3.75 
Top hooks 1 c-- 1 .. 20 2 .. 00 
It has also been shown in the tests that the bond 
length of a deformed bar past the hook has little 
influence on the stirrup anchorage slipo A diagram 
showing this is reproduced in fig. 8.9 (c)o The 
influence of bond length on plain bars has some effect 
but the increase in load seems likely to decrease as the 
bond length increases past the 5D shown. 
From these tests of Muller's the following points 
with reference to the beams tested in this project 
are relevant. 
The contact between the longitudinal reinforcement 
and the stirrups could not be guaranteed because the 
stirrups were tied rather than spot welded. Any concret~ 
between the stirrups and longitudinal steel would be 
very weak indeed and hence the resistance to bearing 
and slip would be reduced (see the values of k for top 
s 
compared to bottom bars). 
Even if there was direct contact of the main 
reinforcement with the stirrups the position of the 
ribs of the main steel would be important. Fig. 8.10 
shows a typical anchorage of a stirrup around a deformed 
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bare It can be seen that when the stirrup is stressed 
it tends to straighten as shown by the broken lines. 
Some additional slip could result from this especially 
with the weak cement paste which is likely to accumulate 
between the two bars. 
From fig., 8.,9 (c) it can be concluded that the ,slip 
associated with stirrups in the form of closed hoops 
as in the test beams, is little different from that of 
stirrups hooked around the longitudinal reinforcemente 
The entire slip of deformed stirrups and much of that of 
plain stirrups is governed by the portion of the stirrup 
in the bend around the longitudinal steel. 
8.7~4.1 Beam Deflection Associated With Stirrup 
A quantitative assessment of the slip at 
stirrup anchorage in the test beams was attempted from 
the data shown in fig. 8.9 (b) and from Eq. (8.20). 
It was found that the theoretical stirrup stresses were 
all well in excess of those given by Eqe (8e20) for a 
slip of 0.1 mme Some of the stirrups were near yield 
and all were stressed to approximately twice the value 
off from Eq. (8.20). It was considered that a slip 
s 
of Ou3 mm. at each end of a stirrup was more likely to 
be of the correct order. If two stirrups are included 
in calculating the deflection of the analogues truss 
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(see fig. 8.5) the d~flection owing to slip of these 
stirrups is 0.047 inches. If only one stirrup is included 
in the particular path through the truss the deflection 
is half of this. However the proportion of the shear 
attracted to this path would be increased. The modific-
ations to the member stiffnesses of the beams with web 
reinforcement taking stirrup slip into account are 
summarised in table 8.2. These stiffnesses have been 
calculated assuming a total slip along every path 
through the analogues truss of 0.047 inches. Consider-
ation of the few paths which include only one stirrup 
is not warranted because of the approximations already 
made. 
It can be seen from table 8.2 that a slip of 0.3 mm 
can account for the low observed member stiffnesses 
compared with those theoretically derivedo To find the 
shear deflections of the test beams more accurately it 
would be necessary to know the load slip relationship 
for the stirrups. The determination of this was not 
attempted in this project. 
8.8 The Effect of Axial Tension On Beam Member Stiff-
ness 
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80801 Flexural Deflections 
It has been shown that the flexural deflection 
of a beam subjected to axial tension as well as bending 
can be adequately calculated by summing the curvatures 
obtained from the elastic analysis described in appendix 
c. The axial tension applied at the geometric centre of 
the beam modifies the strain profile of a section by 
increasing the tension reinforcement strain and 
decreasing the depth of the compression zone. The 
effects of these two responses have opposite influence 
on the curvature at a sectiono The increased curvature 
caused by increased tension reinforcement strain pre-
dominatese For the beams tested the flexural deflection 
owing to the axial load at a constant eccentricity of 
d/2 would be app~oximately 25% of the total flexural 
deflectione For a constant eccentricity of 2d the 
deflection owing to the axial tension would be approx-
imately 10% of the total flexural deflection. 
8.8.2 Shear Deformations 
The shear deformations are not directly 
influenced by the axial tension applied to the beams. 
In the theoretical analysis of the shear deflections 
it can be seen that the stirrup stresses and the stresses 
in the compression struts depend on the shear carried by 
the stirrups only. Except for the possible slight 
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increase of shear carried by the stirrups as a result of 
a slightly lower diagonal cracking load in beams subjected 
to axial tension, the axial tension has no influence on the 
shear deformations of the beam. 
Table 8.2 Deflections Associated With Stirrup Slip 
( 1) Observed Theory-no slip ' Theory-slip= .. 3mm j 
member i Member 
,_ Member stiffness stiffness K stiffness K .· 
K 
test test 




N1-S62 262 386 0 .. 68i 280 0 .. 94[ 
I i 
N1-S32 304 413 o .. 74( 306 0 .. 99: 
N1-S63 327 435 
; o .. 751 318 1 .. 031 
; 
1 
N2-S62 422 543 o. 78\ 402 1 .. 05! 
I : 
N2-S32 . 503 645 0 .. 78} 454 1 .. 11! 
N2-S63 413 625 0 .. 661 446 0 .. 93: 
•' o .. 73; 1 .. 04 N3-S12 7 4 523 719 502 I 
! ;, 
( 1) All beams at 90% p• y except N1-S62 
at 75% P* y 
ii 
CHAPTER 9 




From the investigation of the behaviour of reinforcetj 
concrete members subjected to shear, flexure and axial 
tension the following conclusions have been drawno 
9.101 Method of Testing 
The loading frame used for the beam tests 
reproduced the likely conditions of stress in columns of 
single curvature subjected to axial tensione In two of 
the beams tested without web reinforcement arch action 
was able to develop because of the way in which the 
transverse loads were applied to the beams. It is 
believed that the axial tension was applied to the test 
lengths of the beams at a sufficient distance to ensure 
that Sto Venant's principle was satisfied. 
The accuracy of the demec gauges used was adequatee 
The method of finding the beam deflections gave consistent 
results throughout the tests although it was based on an 
assumption known not to be accuratea 
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9.1o2 Cracking 
It was found that the crack patterns of the 
beams tested 'in this project were similar to those in the 
shear span of members not subjected to axial load and of 
similar a/d ratioo Separation did not occur along dia-
gonal cracks at an inclination to the beam axis of 
0 greater than 45 u Such cracks did develop but only 
under the load point as in normal flexural memberso 
The shear at diagonal cracking was found to be 
independent of the axial tension to shear force ratio 
of the applied load, and to show no appreciable 
variation from the diagonal cracking shear of similar 
beams without axial tensiono 
9o1a3 Flexural Behaviour 
Prior to diagonal cracking the conventional 
elastic theory describes beam flexural behaviour 
satisfactorilya Once diagonal cracking has been 
initiated allowance for the redistribution of internal 
forces must be taken into account. 
Ultimate flexural capacity can be accurately 
determined if account is taken of possible strain 
hardening of the tension reinforcement and spalling of 
the unbound compression zone concrete. Concrete 
strength had relatively little influence on the ultimate 
flexural capacity of the test beamso Shear and diagonal 
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cracking does not substantially reduce the ultimate 
flexural strength of members subjected to axial tension. 
9.1.4 Shear Resistance 
The current ACI Code recommendations for 
provision against shear failure in members subjected to 
axial tension is adequate and has been found to be 
conservative for a number of the beams tested. This con-
clusion does not apply to members in double curvature 
where it is thought that the ACI recommendations may not 
be adequateo It has been found that 
(i) Stirrup spacing had little influence on the 
shear resistance of the test beams provided 
more than one stirrup crossed the critical 
potential separation crack. In beam N3-S12,4 
the shear resistance designed to be provided 
by stirrups across the critical diagonal crack 
was not obtained because the stirrup spacing 
was too large, viz., (4/S)d. 
(ii) Dowel action is an effective means of resisting 
shear both before and after yield of the 
tension reinforcement provided that the dowel 
is supported by stirrups. 
90105 Deflection Characteristics of Flexural 
Members Subjected to Axial Tension 
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(i) The flexural member stiffnesses of the 
test beams in the elastic range were not 
significantly influenced by concrete 
strength or diagonal cracking. The 
flexural stiffnesses were approximately 
constant throughout the elastic range of 
loading and were of the order of 60% of 
the theoretical stiffness of the uncrack-
ed beamso Axial tension decreases the 
flexural stiffness and hence current 
methods 4 , 50 of calculating flexural 
deflections in normal reinforced concrete 
beams do not apply to beams subjected to 
significant axial tension. Flexural 
deflections can be conveniently calcul-
ated from curvatures derived from the 
conventional elastic analysiso 
(ii) Shear deflections prior to diagonal 
cracking were small but once diagonal 
cracking was initiated the shear deflect-
ions in beams with stirrups increased 
approximately linearly with the additional 
applied shear after diagonal cracking© 
Without knowledge of stirrup anchorage 
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slip-load relationships it was found impossible 
to predict shear deflections adequately from 
analysis of the analogous trusso At 90% of the 
yield load the member stiffnesses of the test 
beams were approximately t of the theoretical 
member stiffness of the corresponding uncracked 
beams" 
(iii) The region of plastic deformation in the test 
beams extended a distance of between d and 2d 
along the tension reinforcement from the section 
of maximum moment~ The member ductility can be 
large provided a separation failure is prevented 
by sufficient web reinforcement, and buckling 
in the compression reinforcement is suppressed@ 
Cantilever deflections of up to 20 times the 
deflection at yield were obtained in the test 
beams. 
9~1.6 Failure 
It was reaffirmed that shear failure is 
sudden when no web reinforcement is present" All the 
beams tested which contained web reinforcement gave warn-
ing of imminent failure in the form of opening of 
diagonal and/or flexural crackso 
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9.2 Suggestions for Future Research 
During the course of this project some topics 
related to the topic being studied were found to require 
further inv,estigation. These are listed below. 
(i) The stirrup anchorage slip-load relationship 
for various stirrup sizes, surface properties 
and types of anchorage. 
(ii) The shear resistance at the point of contra-
flexure in columns in double curvature subjected 
to axial tension0 
(iii) The dowel shear resistance of more than one 
layer of reinforcement supported by stirrups, 
and the effect of axial forces in the dowele 
(iv) Detailed study of the kink effect0 
(v) The behaviour of members subjected to cycles 
of applied shear and axial tension followed by 
shear of the opposite sense and axial compress-
ion, as would be encountered during seismic 
loading. Two points of interest are; the 
degradation of stiffness as a result of 
repeated cycles of such loading, and any possible 
reduction in the ability of the web reinforce-
ment to carry the applied shear. Further 
considerations should include the modes of 
failure of the members, and the participation of 
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dowel action and aggregate interlock action 
in shear resistance after the concrete is heavily 
crackedo 
APPENDIX A 
DOWEL TEST LOAD 
SEQUENCE TABLES 
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1 157 0 139 3 113 7 
2 319 9 315 - 10 284 15 
3 526 16 477 17 455 23 
4 697 23 643 25 626 30 






6 1152 39 1066 42 1053 47 
7 1314 49 1219 52 1206 57 
8 1485 59 1417 63 1404 68 
9 1759 68 1651 72 1634 77 
10 2065 78 1903 82 1886 88 1 
11 2515 107 2407 110 2381 115 2 
12 3109 116 2970 119 2939 125 3 
13 3658 125 3505 129 3470 135 4 
14 3946 136 3676 140 3641 145 5 
15 4126 145 3762 150 3731 155 6 




1 175 0 175 0 153 6 1 
2 337 8 315 11 302 15 2 
3 499 17 472 19 450 24 3 
4 652 27 616 30 590 35 4 
5 823 36 760 40 743 46 
6 1035 47 981 52 959 57 5 
7 1291 58 1219 65 1197 71 6 
8 1579 72 1498 75 1467 81 7 
9 1930 101 1849 104 1823 110 
10 2349 111 2236 114 2205 120 
b C d e f 
2812 121 2637 125 2606 
2925 134 2758 136 2723 
3145 143 2961 147 2930 
3289 154 3064 157 3038 
Specimen 77-23 ( 1 ) 
194 0 194 3 185 
396 11 396 14 387 
599 22 599 26 590 
801 34 801 41) 781 
'1004 47 1~04 5:5 988 
1206 76 '12:)6 80 1193 
1409 88 1409 92 1391 
1611 99 1611 103 1593 
1814 110 1814 111 1790 
1868 118 1868 123 1846 
· Specimen 7' -2'l ( ii) 
175 0 166 2 144 
355 11 337 14- 311 
549 22 481 30 473 
760 38 711 4-4 684 
1003 52 855 7E 846 
1215 87 1143 93 1130 
1435 102 1363 104 1341 
1678 112 1597 117 1580 
1903 '124 1795 129 1791 
Specimen 77-24 ( 1 ) 
194 0 194 2 194 
396 12 396 15 396 
599 24 599 27 599 
801 34 801 38 786 
(Sudden formation of crack) 
1004 
I 
65 I 1004 
I 
69 986 
12C6 76 1206 80 1182 























































b C d e 
SDecimen 77-25 
162 0 139 5 
346 12 310 16 
535 22 472 25 
724 32 666 36 
814 43 
(Sudden formation of crack 
504 57 
526 63 481 70 
643 79 598 84 
760 115 720 118 
904 125 832 127 
985 134 940 136 
1084 142 1030 145 
1147 152 1084 154 
1192 
Specimen 77-26 ( 1 ) 
194 0 194 1 
396 9 396 11 
599 18 599 19 
801 26 801 31 
940 37 
(Sudden formation oJ crack) 
50 I 
131 43 
198 198 54 
Snecimen ?Q-21 
265 0 247 2 
535 9 499 13 
801 22 796 25 
1098 34 1012 39 
1561 47 1453 51 
2038 57 1921 61 
2556 f;$ 2425 71 
3069 79 2898 105 
3537 112 3379 118 
4045 127 3739 130 































































Table A.1 (cont.) 
a b C d e f g 
Snecimen 79-22 
1 162 0 157 1 122 7 
2 355 7 319 9 293 14 
3 553 15 522 22 509 28 
4 747 29 706 31 680 37 
5 931 38 873 44 864 50 
6 1228 51 1125 60 1116 66 
7 1521 67 1444 71 1422 77 
8 1822 77 1723 82 1715 88 
9 2092 108 2002 111 1976 116 
10 2389 117 2286 119 2259 125 
11 2664 126 2533 129 2516 134 
12 2983 135 2862 138 2831 143 
13 3289 144 3127 148 3101 153 
14 3469 154 3253 162 3231 168 
15 3564 169 3316 174 3299 180 
Specimen 79-2'1 
1 220 0 202 3 131 9 
2 445 9 409 21 378 29 
3 724 31 670 35 648 41 
4 931 42 850 44 837 49 
5 1147 51 1066 55 1049 62 
6 1597 63 1489 70 1457. 77 
7 1964 79 1858 91 1850 98 
8 2407 99 2245 125 2241 131 
9 2826 131 2592 136 2570 142 
Specimen 79-24 
1 157 0 112 4 117 9 
2 328 10 265 14 252 21 
3 513 22 445 24 432 30 
4 693 31 625 34 603 40 
5 868 42 783 46 761 52 
6 922 53 
(Sudden formation of crack) 
702 64 702 69 
7 994 70 900 76 891 82 
8 1210 103 1111 106 1098 111 
9 1390 112 1300 115 1274 120 
10 1602 120 1476 124 1449 130 
11 1831 130 1692 139 1679 144 
12 2074 145 1921 150 1904 155 
13 2083 156 1944 159 1922 165 
a b C d e 
S1ecimen 7 -26 
1 157 0 157 5 
2 328 12 292 15 
3 499 21 463 25 
4 679 32 616 34 
5 742 40 
(Sudden formation of crack) 
275 52 
6 301 58 265 62 
7 315 68 283 73 
8 382 79 342 66 
9 454 110 427 113 
'ID 540 124 499 128 
11 571 136 50s 142 
S ecimen ? -00 
1 184 0 175 1 
2 346 7 310 8 
3 508 13 - 13 
4 625 19 571 22 
5 760 29 702 31 
6 891 36 
7 
,,~,= ''i"''::::,"1 '"";::' 
139 44 126 , 45 
S ecimen 7' -00 .J.ll 
1 171 0 153 2 
2 328 6 274 7 
3 468 11 396 14 
4 598 20 549 25 
5 697 30 
(Sudden formation _of crack) 
I I 567 ;52 6 697 I 37 
(Sudden formation of crack) 
I 166 38 
S ecimen ?9-00 
1 202 0 184 2 
2 351 9 319 10 
3 517 14 468 15 





























a b C d e f g 
5 841 25 751 27 734 31 
6 864 32 




33 176 37 
(1) These specimens had the displacement on the jack 
adjusted before reading the gauges so that the 
shear at the start of reading the gauges equalled 
the maximum dowel shear. 




BEAM TEST LOAD 
SEQUENCE TABLES 
352 




























2 3 4- 5 6 7 I 8 9 10 
When Load Applied At Start of Gauge _r:,_ t End of Gauge 
Readings Readings p N 
I 
<,.; "' 
0 Load Time Load 'I'ime 
p 
Load Time u 
Q) +> 
.µ Ol Kips Kips co (I) Kips 
q8 
0 9.22 a.m. 0 9.27 a.m. 
C 9.58 a.m. 0 
6.02 10.03 " 5.92 10 ~ 13 " 5.88 10.38 
If 0.088 
ffi 12.00 10.41 " 11.92 11.12 " 11.88 11.35 " 
0.179 
---.... 
['.. 18.07 11.38 II 17.91 1.29 p.m. 
17.94 1.59 p.m. 0.270 
"-
0 2.06 p.m. 0 2.11 
1t 0 2.34- II 0 
"' 0 
0 8.35 a.m. 0 8.40 a.m. 0 
S.4-8 a.m. " V 
6.02 9.53 " 6.02 9.57 " 5.93 1C.26 
11 0.089 
12.00 10.28 
II 11.92 10.48 H 11.87 11.17 II 0 .179 
ffl 18.09 11.18 " I 18.08 11.25 1t 18.00 11.57 II 0.271 
---.... 
['.. 24.11 12.01 p.m.' 23.98 1.28 p.m. 23.95 2.05 p.m. 0.360 
' ' 30.05 2.07 11 >("\ 
'I 
Constant load type loading was used throughout this test. 
Load attained on jack= 2 2 N + V • 
Load on jack before any of the dial or demec gauges on the beao were read. 
Load on jack after all dial and demec gauges were read. 
Ratio of load on jack from column 7 to load on jack required for beam to 
reach ultimate flexural capacity by traditional ultimate theory. 
Axial tension to shear force ratio. 
































Table B .2 ~oad Seguence for 3eax N2-SO* 
+ 1 2 3 4 5 6 7 I 8 
Vihen Load Applied 





.µ e-, Load f:1 Ti::ie Load Time Load Time 
(1) '+, 






0 0 9.27 a.:n. 0 9.28 a. •• 0 10.25 a.m. 
1 7.50 11.00 " 7.50 11.29 " 7.50 11.46 " 
2 CX) 15.00 11.50 15.oo 12.10 p.m. 14.86 12.26 p.iL. UJ 
'- 22.50 1 .40 p.m. 122.45 1.45 " 22.30 2.03 " 3 ('.. '-
4 ' 30.05 2.07 " 30.05 2.43 " 29.85 2.58 " 
5 0 3.21 " 0 3.32 " 0 3.48 " 
~ 9.41 a.m. 6 0.07 8.48 a.m. 0.07 8.48 a.m. 0.04 
7 7.52 9.45 " 7.52 9.56 " 7.46 10.19 
II 
8 15.53 10.22 " 15.52 10.55 " 15.44 11.20 " 
9 22.50 11.23 " 22.50 11.32 " 22.40 11.56 " 
10 oJ 30.05 11.59 " 30.00 12.07 p.m. 29.95 12.28 p.m. 
UJ 
11 '- 35.c5 12.33 p.m. 35.00 1.46 " 34.95 2.12 
II 
['-
12 '- 40.05 2.16 " 40.05 2.40 " 40.05 3.06 
II 
(\J 
13 44.00 3.10 " 44.15 3.34 " 44.10 4.03 II 
14 48.00 4.05 " . 48.05 4.31 " 48.10 4.55 II 
15 52.00 8.45 a.m. 52.00 9.05 a.m. 51.90 9.36 a.m. 
16 56.00 9.39 II 55.90 9.57 II 55.s5 10.22 " 
17 59.80 10.27 " 60.05 11 .10 " 60.CO 11.38 " 
18 63.70 
' 
11.44 " 63.90 11.57 " 63.90 12.22 p.m. 
19 67.75 I 
12.28 p.r:.. 67.80 1.43 p.::i. 67-75 2 .11 II 
20 CX) 71.45 2 .15 II 71.60 2.30 " 71.55 2.55 " 
\D 
21 '- 75.35 2.57 " 75.55 3.28 " 75.50 3.58 " ['-
22 '-"" 79. ~o 4.02 
II 77.00 4.23 " 75.55 4.51 " 
Fail. 78.45 4.54 " 
Constant load type loading except increment 22. 




















































































... .,, .,_ 
:rable B. 3 Load Sequence for Beam N3-SO* 
+ 1 2 3 I 4 5 6 
+> . .'/hen Load Applied 







Cl) Load Time Load Time H Q} 
() +> 
.A m Kips Kips H p 
0 aJ 0 10.51 a.m. 0 10.51 a.:n. 
I.O 
1 ' 5.00 12.19 p.m. 5.00 12.23 p.:n. L.{\ 
2 ' 10.00 1.47 " 9.84 1.53 " I<\ 
' 3 15.00 2.37 " 14.90 2.45 11 
4 20.05 3.07 " 19.95 3.39 " 




25.05 2.50 11 ' 24.80 3.15 
If 
.:j-
8 ' 29.10 3.46 " 29.05 4.05 " ,-
9 33. 10 8.42 
11 33.10 9.15 a.m. 
10 36.00 9.45 If 36.05 10.05 11 
11 39.05 10.36 " 39.05 11.05 11 
12 42.00 11.33 11 41.90 11.57 " 
13 aJ 46.00 1.06 p.m. 46.00 1.36 p.in. I.O 
14 ' 50.00 2.06 " 50.00 2.29 " L{\ 
' 15 L{\ 53.95 3.00 If 53.95 3.32 11 ..... 
16 57.95 4.06 " 57-85 4.24 11 ,_ 
17 61.80 s.37 a.m. 61.85 9.06 a.m. 
18 65.70 9.58 ff 65.70 10.10 11 
19 aJ 69.55 
10.34 " 69.50 11.01 11 
20 I.O 75.40 11.25 
If 73,35 11,54 11 
' 21 L{\ 77.25 1.17 p.m. 77.35 ' 1.40 p.m. I.O 22 ' 81.05 2.13 " 81.05 2.22 " I 
23 84,85 3.00 " 84.85 3.29 If 
24 Ti 88.70 3-59 11 88.85 4.07 If 
25 , 92.45 8.55 a.m. 92.20 9.10 a.m. 
L.{\ ' 
Fail. ~ roo.10 9.58 
If 
• Constant load type loading was used throughou·:. 
+ For notes on cols. 1-11, see table B.1. 
7 I 8 




0 12.07 p.m. 
4.72 12.45 " 
9.82 2.13 11 
14.86 3.04 11 
19.90 3 .51 " 
25.00 4.30 " 
3.40 2.41 " 
24.65 3.44 " 
28.95 4.38 " 
53.00 9.4:, a.m. 
35.so 10.32 " 
58.85 11.31 " 
41.95 12.23 p.m. 
45.70 2.03 " 
49.85 2.59 " 
53.70 4.03 If 
57.75 4.47 " 
61.55 9.34 a.m. 
65-75 10.32 " 
69.40 11.23 If 
73.30 12.20 p.m. 
77.25 2.09 " 
80.40 2.46 " 
84.80 3.55 " 
88.80 4.34 " 
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Table B. 4 Load Sequence for Beam N1-S62 
+1 2 3 4 5 6 7 8 9 10 11 12 . 
,p When Load Applied ti) At Start of Gauge At End of Gauge ti) A p N e' 
Q) -rl 
,p E-f s Readings Readings I I inches A ,p 
Q) 4-1 AA p • V. a 0 •o-ictS u 
Q) Load Time ,p • Load Time Load Time Fol (I) Q) ti) 'O 
0 ,µ Kips a r:r '1! Kips Kips s:I as -rlOO 
H A E-l 0.-i 
0 0 9.30 a.m. - 0 _ 9.30 a.m. 0 10.34 a.m. 0 0.98 38.37 
1 co 6.01 11.10 II 5.00 5.14 11.36 II 4.04 11.53 " 0.059 0.984 38-37 
I.O 
2 ' 12.00 12.01 p.m. " 11.48 1.34 p.m. 11.41 1.53 p.m. 0.166 0.985 38.38 0 
3 ' 18.06 1.56 " 5.45 17.56 2.:;a " 17.37 2.54 " 0.253 0.985 38-39 ' ' 4 0 2.58 " - 0 3.22 " 0 3.41 " 0 0.983 38-37 -5 0 8.44 a.m. - 0 8.47 a.m. 0 9.34 a.m. 0 0.983 38.37 
6 6.00 9.34 " 5.00 5.88 9.44 If 5.78 10.10 " 0.084 0.984 38-38 
7 12.00 10.14 " ff 11.79. .10.37 " 11.68 11.00 
ff 0.170 0.985 38-38 
co 
8 I.O 18.06 1-1.02 " If 17.93 11.12 11 17.66 11.37 
ff 0.258 0.986 38.39 
' 9 0 24.05 11.39 " " 23.55 12.04- p.m. 23.30 12.29 p.m. 0.340 0.986 38-40 ·, 
' 10 ('\J 30.10 12.34 p.m. " 28.90 1.46 " 28.65 2.15 " 0.423 0.987 38.41 
11 35.20 . 2.18 " II 34.25 2.38 " 33.60 3.08 
If 0.490 0.988 38.42 
12 40.25 3 .12 ff " 3s.55 3.39 II 38.05 4.04 " 0.554 0.989 38.43 
13 45.30 4.08 ·" " 43.85 4.34 If 43.35 4.58 
ff 0.632 0.989 38.45 -14 co 50.20 8.40 a.m. " 48.80 9.08 a.m. 48.40 9.27 a.m. 0.706 0.990 38.46 I.O 
15 ' 54.90 9.40 " 1.00 48.45 9.55 ff 48.10 10.13 fl 0.701 0.987 38.48 0 
Fail. ' 54.90 9.40 " 0.987 38.48 ' "' 
+ For notes on cols. 1-4 and 6-12, see table B.1 
(5) Time that the load shown in column 3 was applied to the beam. After this time interval 






Table B.5 Load Sequence for Beam N1-S32 
+1 2 3 i 4 5 6 7 8 9 10 
.., When Load Applied "' At Start of Gauge At End of Gauge .:I 00 .,.; p (1) Readings Readings .., e-, SI I .:I .p 
!1~ - ~ (1) .... Pu. s 0 Load Time Load Time Load Time (1) .p 
! 
H (1) I a, mu 
C) .p Kips SI d al Kips Kips 
d "' --<00 H A 80.-1 
0 0 8.30 2..m. - 0 8.4-9 a.m. 0 9.46 a.m. 0 
Oi 1.10 9.53 " 2.00 1.09 9.57 ff 1.08 10.03 " 
Oii 2.08 10.04 " " 2.04 10.08 " ;;>.oo 10.12 " 
I 
I 
Oiii 2.99 10.13 " " 2.96 10.16 " ;;~. 91 10.20 " 
Oiv 4.66 10.21 " " 4.62 10.24 ff l/,.52 10.27 " 
"' " " " Ov \D 6.09 10.4-7 " 5.96 10.53 ;i.89 10.57 '-
Ovi K\ 8.14 '- 10.58 " " 8.02 11.02 " 7.94 11.05 " 
Ovii "' ' 10.10 11.::,7 
n " 10.02 11.10 " : 9.89 1'1.14 " 
1 12.14 11.16 n 5.00 11.65 11.43 " !11.45 - 12.05 p.m. - 0.171 
1i 18.08 12$08 ~oJ!!.~ 2.00 17.91 12.11 p.m.117.68 12.15 " 
2 24.05 12.17 " 5.00 23.00 1. 34 .. 122.90 1.54 " 00343 
3 0 1.57 ff - 0 2.1Lf " ' \ 0 2.33 • " 0 
4- 0 8.30 a.m. - 0 8.4-0 a.m. 0 9.29 a.m. 0 
4-i 6.06 9.32 " 2.00 6.00 9.35 II 5.90 9.38 .. 
5 12.24 9.41 .. 5.00 11.99 9.49 " 11.75 10.14 " 0.176 
5i 18.10 10.17 .. 2.00 17.95 10.21 " 17.86 10.28 " 
6 "' 24.20 10.26 If 5.00 ?3-75 10.55 If 23,.60 11.22 .. 0.353' \D 
'-
7 K\ 32.25 11.23 .. " 31.30 11.48 " 31.05 12.13 p.m. 0.465 '-
8 0 40.35 12,15 p.m. " 38.90 1. 50 p .m. 3e.65 2.19 " 0.5'?9 (\J 
9 46.25 2.20 " " 14-5.20 2.43 " 144-. 75 3.08 " 0.671 
10 52.25 3.09 " fl 50.20 3.43 " ~9-35 4.10 « 0.74-0 
11:t 58.15 8.4-7 a.m. fl 52.95 9.14 a.m. '9.25 9.41 a.m. 0.738 
12 58.25 '10.06 " If 57.80_ 10.14 " '57.00 10.37 " 0.855 
13 64.20 10.56 " n 161. 50 11.35 " 61~20 12.01 p.m. 0.919 
"' 163.35 .. 14 \D 68.10 12.03 p.m. 0.30 12.12 p.m. 62.65 12.31+ 0.950 '-
15 
K\ 69.40 '- 2.28 
.. 0.05 [60.25 2.35 " 59.45 2.52 n 0.906 
' 64-.50 2.55 " o.oo ~2-70 3.23 If 16 (\J 
Fail. 69.40 
i ' 
+ For notes on cols 1-12, see tables B.1 and B.4-
! Load increment was net -=ed. as leak occurred. i:: jac:c:: during constant d.ispl2.ceme~'· 
















































Table B.6 Load Sequence for Beam N1-S32 
+1 2 3 1,~ 5 6 7 
· When Load Applied 
. 
At Start of Gauge .µ co 
co A Readings ll) •rl 
.µ E-1 El 
i::1 .µ 
Q) 'H i::1 i:::: 
El 0 Load ·I'ime ..-1 ct! Load Time 
ll) .µ 
H Q) Kips ~~~I Kips 0 .;:, 
i::1 ct! •ri O 0 
H A E-1 Or-I .. 
0 0 8.30 a.m. - 0 9.06 a.m. 
0--
6.00 1 \.0 8.16 9.58 " 7.78 10.44 ff ........ 
2 ' 16.12 11.03 " 5.00 15.52 11.37 " ........ 
' 3 (\J 24.35 11.56 " 11 23.10 1.38 p.m. 
4 0 2.03 p.m. - 0 2.10 ti 
5 0 8.16 a.m. - 0 8.33 a.m. 
6 8.60 9.22 " 5.00 8.50 9.33 " 
7 
(S\ 
16.79 10.00 ft " 16.69 10.10 " 
8 I.D 25.50 10.35 " " 25.00 11.05 t1 ........ 
9 ' 34.00 11.30 If " 33.25 11.56 ff ........ 
(\J 
10 (\J 42.90 12.20 p.m. fl 41.40 1.4-1 p.mo 
11 50.90 2.16 Ii " 49.90 2.40 " 
12 58.45 4.16 " " 57.75 4.34 fl 
13 O' 64.55 8.44 a.m. 1~ 62.50 9.02 a.m. \.0 
14 ........ 71.00 9.36 " 1 .oc 65.55 9.53 Tl ' ........ 
Fail. I<\ 73.6 (\J 
+ For notes on cols. 1-12, see table B.1 and B.4. 
8 9 




0 9.47 a.m. 
7.69 11.01 II 
15.38 11.53 II 
22.90 2.00 p.n:. 
J 2.26 ff 
0 9.20 a.m. 
6.36 9.57 " 
16.49 10.31 II 
24.80 11.28 II 
33.00 12.17 p.m. 
41.20 2.05 II 
49.45 3.04 II 
57.30 4.58 " 
61.90 9.32 a.m. 
65.00 10.17 fl 
10 
p 



























































Table B.7 Load Sequence for Beam N2-S62* 
1 2 3 4 5 i 6 
.µ When Load Applied At Start of Gauge 




s 0 Load <I) Time Load Time 
H <I) 
Kips 0 .µ Kips 
A <ti 
H A 
0 0 10.00 a.m. 0 10.,00 a.m. 
1 7.48 12.14 p.m. 7.42 1.41 p.m. 
2 h4-. 96 2.08 " 14.96 2.31 " co 
3.26 3 I.!) t22.60 3.06 " 22.60 " ' 4 co t29.95 3.51 " 29.90 4.04- " ' I.!) 5 (\J 0 4.32 " 0 4.34 " 
6 0 8.40 a.m. 0 8.48 a.m. 
7 7.49 9.35 ff 7.46 9.43 " 
8 h4.94 10.15 " 15.02 10.49 " 
9 t22.60 11.17 " 22.50 11.28 ff 
10 130.00 11.57 " 29.95 12.05 p.m. co 
11 I.!) 137.50 ' 12.37 p.m. 37°4-5 1.59 " co ~-95 2.31 " 44.90 3.20 " 12 ' c--
13 (\J 152.45 3.51 . " 52.50 4.06 " 
14- 159.90 8.26 a.m. 59.90 8.52 a.m. 
15 167.50 9.25 " 67.60 9.50 .. 
16 r,)4-.40 10.50 fl 74.70 11.21 " co 
181.45 17 \!) 11.48 " 81.70 12.01 p.m. ' 18 <X) 185.80 1.40 p.m. 80.30 2.03 " ' Fail. co 187.50 (\J 
* Constant.load type loading except increment 18 
+ For notes on cols 1-11, see table B.1 
7 8 




0 11.45 a.m. 
7.40 2.05 p.m. 
14-.94 2.55 ff 
22.60 3.49 II 
29.85 4.27 If 
·o 4.54 ti 
0 9.32 a.m. 
7.4-0 10.12 " 
14.96 11.14 " 
22.40 11.55 fl 
29,.85 12.33 p.m. 
37.45 2.28 ft 
44.90 3.48 " 
52.45 4.37 ff 
59.70 9.21 a.m. 
67.55 10.17 " 
74.65 11.41 " 
81.70 12.30 p.m. 










































































Table B.8 Load Sequence for Beam N2-S32 
+1 2 3 4 5 6 7 -· . " . 
.µ When Load Applied (/) At Start of Gauge 
(/) -~ Readings Q) .µ 8 
A .µ 
Q) ,._, -~ ~ a 0 Load Time Load Time Q) -I> 
la Q) Q) (/)~ 
0 .µ Kips ;I~ 0 Kips A "' H R 8 Or-! 
0 0 8.38 a.m. - 0 9,11 a.m, 
Oi 1.00 10.51 ti o.oo 0.91 11.03 II 
Oii 2.07 11.08 II 1.00 2,04 11.11 " 
Oiii 3,09 11,15 II " 3,06 11,17 II 
Oiv 4.06 11.21 II II 3,98 11,24 II 
Ov Cl' 5 ,05 11.28 " " 4,95 11.32 II 
'° II II 6.96 ti ovi ' 7.02 11,36 11,38 (\J Ovii ' 9.03 11,42 II II 8,95 11,44 II co 
' 12.14 11.48 II II 12.04 11.50 " Oviii 
Oix 15,06 11,54 ti " 14.92 .11.57 " 
1 18,10 12,03 p.m. 5.00 17.01 1,51~ p,m. 
1i 27.10 2.23 II It 26,90 2.33 
ii 
2 36,40 2.40 II 5.00 35,40 3.33 " 
3 0 3.55 
II - 0 4,08 II 
4 0 8,34 a.rn. - 0 8,36 a.mo 
4i 9,05 9,24 II 5.00 8,96 9.34 II 
5 18,20 9,41 II II 18,11 9,51 II 
5i 27.20 10.19 " II 27.15 10,26 " 
6 36.35 10.52 " " 36,15 11,04 fl 
7 
Cl' 
45,45 11,36 " " 44,90 11. 57 " '° ' 8 (\J 54,35 12,23 p.m. " 52.95 1,52 p.m. ' 9 Cl' 62.25 2.27 II " 61,85 2.38 II ' 
10 69,70 3,17 II " 68,60 3 •1~5 " 
11 77.55 lf, 10 " " 76,25 4,34 " ·--
12 83,50 8,44 a.m. " 81,05 9.02 alJm. 
13 57.70 9,32 " " 83.90 9.52 " 
14 92.70 11.37 " 1.00 88.70 11.45 11 
15 95,65 12,09 p.m. II ·92.05 12.14 p,m, 
16 99,45 1,47 II II 94.20 1.57 II 
17 101.20 O' 2.15 " 0,00 95.65 2.18 
ti 
18 '° 99.45 2.52 " " 92.0• 2.56 ti ' 19 (\J 96,35 3.06 fl II 55.00 3.11 II ' 0 Fail. (\J 101.20 
+ For notes on cola 1-12 1 see tables B,1 and B.4 
• Estimated, 
360 
8 9 10 11 12 
At End of Gauge p N e' 
Readi.ngs I I inches 
• . Pu V 
Load Time 
Kips 
0 , 10,19 a.m. 0 2.16 18.20 
0.90 11.06 ti 
1.99 11.11+ tt 
3,01 11.20 II 
3,95 11.27 " 
l~,90 11.35 II 
6,86 11.41 " 
8,84 11.47 ti 
11,90 11.52 II 
14,74 12,01 p,m, 
16,75 2 ,19 II 0.201 2.159 18,23 
2b,80 2.37 II 
35,20 3.51 ti o.423 . 2.156 18,25 
0 '+. 21~ II 0 2,166 18,21 
0 9.1a a.m~ 0 2,166 18.20 
8,91 9.39 " 
17,89 10.17 fl 0.215 2.160 18.24 
27.10 10.29 II 
35,85 11.32 ti 0.430 2,156 18.26 
44,60 1~.21 pom. 0,536 2.155 18.27 
52,75 2.23 II o.634 2,153 18,28 
61.25 3.03 " 0.736 2.152 18.29 
68.20 lf,07 II 0,819 2,151 18,30 
75,65 if, 58 " 0.909 2.149 18,32 
80.15 9,28 aam. 0,962 2.149 18,33 
83,05 10.20 II 1.002 2,212 18,35 
87,70 12,01 p,m. 1.061 2,243 18,37 
90.95 12.27 fl 1.102 2,278 18,38 
93.55 2.05 " 1,136 2,308 18.40 
91~. 70 2.22 II 18.42 
91.5• -
84. 50 3,16 p.m. 
2,32 18,42 
Table B.9 Load Sequence for Beam N2-S63 
+1 2 3 4 5 6 7 . 
+> When Load Applied tQ At Start of' Gauge tQ A 
Q) . -rl Readings .µ 8 E1 
A .p 
Q) ""' ~~ a 0 Load Time Q) .p Load Time 
I• Q) Kips 
Q) [I) <d 
C) .p E1 i::: ro Kips 
A co -rlOO 
H A 8 C) ,-1 
0 0 9.00 a.m. - 0 9.02 a.m. ' 
1 co 10.02 10.23 " 5.00 9.36 11.38 " 
2 
I.!) 
20.00 12.05 p.m. " 19.00 1.36p.m. ' ' 3 ' 30.15 2.03 ft fl 29~50 2.33 " ' 4 I.!) 0 2.57 " - 0 3.33 " 
5 0.15 s.37 a.m. - 0.16 8.45 a.m. 
6 10.03 9.42 " 5.00 9.89 9.53 fl 
7 co 20.20 10.23 
fl If 19.85 10.50 " 
8 "° 30.10 11.24 " " 29.85 11.39 " ' 9 ' 40.25 12.07 p.m. " 39.00 1.37 p.m. ' ' 10 C'- 50.20 2.10 " " 49.50 2.35 " 
11 60.25 3.03 " 11 59.30 3.29 II 
12 69.70 3.57 " ~ 68.75 I 4.16 " 
13 79.80 8.43 a.m. " 7s.70 9.03 a.m. co 
85.75 9.36 " " 80.95 10.02 " 14 I.O ' 15 ' 89.75 10.55 " " 86.40 11.10 " ' Fail. ' 93.25 co 
+ For notes on cols. 1-12, see tables B.1 and B.4 
8 9 




0 10.08 a.m 
9.28 12.03 p.m. 
18.85 2.00 " 
29.25 2.53 " 
0 3.54 " 
0.22 9.30 a.m, 
9.72 10.21 " 
'19-70 11.22 fl 
29.60 12.04 p.m, 
38.80 2.08 " 
L;9o 10 3.00 II 
58.90 B.54 ff 
68.20 4.42 If 
78.10 9.33 a.m 
80.50 10.31 " 
























































































































3 4 5 6 J 7 . 






At Start of Gauge 




































9.52 " 1.00 
10.02 " 2.00 



















6.03 10.19 " 
8.05 10.26 n 
11.11 10.55 n 
" 14.04 11.02 " 
" 17.01 11.08 " 
~
.oo 19.69 11 .i+1 " 
.oo 30,10 12.05 p.m. 
.oo 39.75 2.00 " 










0 8.38 a.m. 
6.05 9.30 " 
12.02 9.40 " 
20.03 9.52 " 
29.85 10.19 " 
40,00 '10,59 n 







































+ For notes on cols. 1-12, see tables B.1 and B.4 
s I 9 





0 9,50 a.m. 
1.42 10.00 " 
2.98 10.08 " 
4.38 10.15 " 
5.90 10.22 " 
7,93 10,29 n 
10.99 10.58 " 
13.93 11.04 " 
16,89 11.12 n 



















53.80 12,13 p,E. 
ii 63.50 2.31 " 
73.05 3.46 " 
80.80 4.40 " 
85,85 9.52 a.m. 
90.30 0.37 " 
98,20 i 2.14 p.m. 
104.10 1~,~ n 


























































ELASTIC AND ULTIMATE FLEXURAL ANALYSIS OF BEAMS 
SUBJECTED TO ECCENTRIC AXIAL 
TENSION 
C.1 Analysis of a Cracked Elastic Section 
363 
Fig. C.1 shows a doubly reinforced concrete section 
subjected to an eccentric axial forcee The concrete at 
the section is assumed to carry no flexural tensile 
forces, i.e., it is cracked to the height of the 
neutral axis$ Resolving forces in part (c) of the 
figure 
N = T - CI - C" 
Taking moments about the tension reinforcement 
Ne' :,,: C' jd + C"(d - d') 
The forces C •, C 11 and T are given by 
From part 
C 1 = fe E bkd 
C C 
C" = E e'A'(n' - 1) 
C S S 
T = 8 E A s s s 






·1 - k 
e ( kd - d') 
s 
(1 - k)d 
Putting the forces in terms of e , substituting 
s 
( C" 1) 
( C .. 2) 
( C .. 3) 
( C., 4) 
( C .. 5) 
-., I 
<a) 
Fig. C . 1 Conventional 
and Axi,al 
~ 
e ,.f.j es 
strains 
N 







c'" 11:~ ~:-c" -·-
T 
C str·esses and forces) 
elastic ultimate 
( C) Cd) 




in Eqs .. (Co1) and (C02), and eliminating N gives the 
following: 
- A 1 (n 1 - 1)(kd ~ d')(d ~ d' + e') = 0 
s 
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( C .. 6) 
Solution of E;q., (C .. 6) giv52s k from which C', C" and T 
can be found in terms of s from Eqs@ (C.3), (C.4) 
s 
and (C.5) .. Substituting for these in Eq., (C.1) gives 
e for any chosen value of axial s 
8 s 
= ~c( 1 bdk 2 nA - 2TI="fl" -s 
C.2 Ultimate Flexural Strength 
49 
tension., 
A~ 1 n' -1 H kd-d' i) 
(1-k )d 
Whitneys equivalent stress block is used to 
appfo~~mate the concrete compression forceo Strain 
hardening of the reinforcement is ignored .. 
( C .. 7) 
Consider figo Ce1 parts (b) and (d)e The tension 
re~nforcement is assumed to have yielded, i~e .. , the 
section is under-reinforced. The forces are given by 
T = A f (C.,8) 
s y 
C' - e85f'ck'db (C.,9) 
,C 
C" = A'(E:'E' - .. 85f') 
S S S C 
(C.10) 
where 8 'E' & fl s s ~ y 
c is defined in the ACI Code 5 section 1503 .. 




where ecu = the ultimate concrete strain. 
From Eq .. (C.,10) 
C" = A'( (k'd. - d' )E, - .. 85f') (Cs11) 
s e cu k 'd s c 
At ultimate load Eqe (C.1) remains unchanged but Eq@ (C02) 
becom12s 
The 
N = ¾,(c•(d - c~'d) + C"(d - ct•)) (C .. 12) 












find T from Eq. (C.8) 
choose a value of k' 
find C' and C" from Eqs o ( C" 9) and ( C. 11) 
find N from both Eqs. (C.1) and (C.12) 
compare the values of N obtained in Step 4. 
If both are equal they are the values of 
the ultimate eccentric axial tension. 
(ii) If N from Eq. (C.1) is greater than from 
Eq. (C .. 12), k' is increased and the 
solution restarts at step 3o 
(iii) If N from Eq. (C.1) is smaller than from 
Eq" (C.12), k' is decreased and the 
solution restarts at step 3. 
An alternate method of solution involves a direct 
method of kinding k'. It is given in terms of the 
section properties by a cubic equation .. A trial and 
error method is required to solve the equation& 
A typical interaction curve for a beam subjected 
to varying intensity of axial tension is shown in 
fige C@2e It can be seen that the interaction is 
almost linear and can 7 therefore, be approximated to 
linear for the purposes of designo 
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Fig. C. 2 Typical Interaction Curve for Fleicure and Axial Tension 
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